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The wave-particle interaction process in plasmas is of fundamental importance in many space

and laboratory settings because, as shown by Landau [1], it is responsible of the dissipation of

waves even in absence of collisions. The physical content of the linear interaction is conceptu-

ally simple: a particle traveling at velocity v near the wave phase velocity vp, gains energy if its

velocity is just below the wave phase velocity, and lose it just above. As (∂ f /∂v)v=vp
< 0 ( f is

the distribution function of particles) the wave exhibits exponential damping. In the nonlinear

regime the damping should be prevented [2] due to the trapping of particles which oscillate

in the potential well of the wave. In a heuristic way particles either gain and lose energy, thus

generating a saturation of the damping on times of the order of the trapping time.

The nonlinear Landau damping has been investigated by numerical simulations of the Vlasov-

Poisson system [3, 4, 5, 6]. Analytical results [7] show the existence of a critical initial ampli-

tude of the wave that marks the transition between a scenario in which the wave is definitively

damped to zero, and a scenario in which the Landau damping is stopped. The latter seems to

be characterized by an oscillating behavior of the wave amplitude around an approximately

constant value.

To examine the wave-particle interaction we developed a model [8] of the type of that used

by Fermi to study the acceleration of cosmic rays. We simulate the interaction as the net result

of a large number of collisions between an ensemble of particles and two infinitely massive,

one-dimensional barriers with variable length, set at a fixed distance L = 2. A test particle,

moving with velocity v is extracted from a Maxwellian distribution function linearized around

vp the wave phase velocity: f (v) ≈ f (vp) + (v− vp)(∂ f/∂v)v=vp
. The whole system moves

with speed vp, so, in this frame of reference, each elastic collision of a particle with a barrier

will reverse the direction of motion of the particle, i.e. v′ = −v (v′ is the velocity after the

collision), and the amplitude of the barriers, A(t), will vary due an energy exchange ∆E = 4vvp

between the particle and the barrier itself. If we identify the energy of the wave with the squared

amplitude EW ≈ |A(t)|2, after each collision this will vary by A(t ′) = [A(t)2 +σ(t)∆E]1/2, where

σ(t) = vvp/|vvp|.
A Monte Carlo simulation of the above model can be easily performed. Velocities are normal-

ized to the thermal velocity of plasma, i.e. u = v/vth and up = vp/vth. Each particle is identified

by the random initial position x
(0)
j ( j = 1,2, . . . ,N, being N the number of particles), uniformly
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distributed in the range [−L/2,L/2], and by a constant speed u j, extracted from the normalized

distribution function:

f0(u) =
1√
2π

e−u2
p/2(1−uup) (1)

where −
√

A0 ≤ u ≤
√

A0, with A0 = A(0). The y-position of the particles is taken equal to their

squared velocity, y j = u2
j . The dynamics of the j-th particle between two collisions is trivially

described by the equation of motion of a point mass moving at constant speed u j. When a

particle arrives to the barrier two situation can arise: the altitude of the particle is either below

or above the actual height of the barrier. In the first case the particle will reverse its direction

of motion and the amplitude of the barrier will vary of the amount of energy gained or lost by

the particle. In the second case the amplitude of the barrier remain unchanged, and the particle

continues its flight. It can be retrapped later, because periodic conditions are imposed in the

numerical domain.
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Figure 1: The time behavior of the amplitude A(t), calcu-

lated with N = 105 particles, for up = 1.0 (green), up = 1.5

(red) and for A0 = 1.

The sequence of collisions

modifies both the amplitude of

the barrier and the distribution

function of the particles in a char-

acteristic way. Studying these

modifications it is possible to fol-

low the system to a state of com-

plete equilibrium. The time evo-

lution of the wave energy is re-

ported in Fig. 1. In the picture we

can distinguish three stages: i)a

first stage in which we recover a

linear damping regime; ii)an in-

termediate regime, where the wave oscillates regularly around a saturation value Asat ; iii)for

longer times the oscillations of A(t) become lower and irregular.

In the first regime, for low times, the trapping of particles is not still at work. In this case,

the amplitude decays exponentially. An expression of the damping rate can be obtained by

conjecturing that the time variation of energy is proportional to an energy exchanged during a

single collision divided by a typical transit time between barriers:

dEW

dt
= γ0

∫ √
A0

−√
A0

2upu|u| f0(u)du (2)

(γ0 is a proportional constant). From (1) we immediately get dEW /dt =−γEW , where the damp-
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ing rate results to be

γ(up) =
γ0√
2π

u2
pe−u2

p/2 (3)

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

2.62.42.22.01.81.61.41.21.0

γ 
(u

p)

up

Figure 2: Black symbols: different values of the

damping rate γ , calculated by numerical sim-

ulations with N = 105 and A0 = 1. The curve

represents the function (3) with γ0 ≃ 0.50.

The above expression is proportional to the

usual Landau damping rate of the linear the-

ory [1, 2]. In Fig. 2 we report the values of γ ,

as a function of up, calculated through a linear

fit of the curves A(t) vs. t, in the range t ≤ 2.

After this time the linear damping is rapidly

stopped and high-amplitude oscillations are

observed. This is the nonlinear strong trap-

ping regime.The value of Asat around which

the amplitude oscillates depends on the pa-

rameters of the model. A threshold value

A
(thr)
0 (function of up and A0), below which

the damping is stopped, is observed. For each

up, this is due to a bifurcation between two states, namely Asat = 0 for A0 ≤ A
(thr)
0 and Asat 6= 0

for A0 > A
(thr)
0 . A scaling relation between the period of large oscillations τtr and the saturation

level Asat is also found. This has the form τtr ∼ A
−µ
sat , with µ = 0.53±0.01. The result is nicely

consistent with that found in Ref. [5].

Beyond the oscillatory regime a new behavior is observed, namely oscillations of A(t) be-

come irregular and with a low amplitude, around the same value Asat . This trend is the result of

a complete phase mixing as predicted by O’Neil [2].

As a consequence of the complex dynamics, the distribution function of particles changes in

time. In the phase space (x,u), as sketched in Fig. 3 (left panel), each trapped particle follows, at

its own speed, a closed path (the rectangular whose corners are the four points (±1,±u j)). This

generates a filamentation in the distribution of the particles, that becomes narrower, up to a time

where a complete phase mixing is established. The filamentation in phase space corresponds

to the presence of antisymmetric spikes in the distribution function f (u) (Fig. 3, right panel).

The spikes become finer and finer for long times, till a complete flattening of the distribution

function. The filamentation is the dynamical process that is responsible for the presence of

oscillations of the amplitude of the wave. In fact, in a given time interval, there is an imbalance

between collisions in which the wave gains energy an those in which wave loses energy. When

the stripes are large enough the synchronization of collisions on a given barrier is able to support

the oscillation of the amplitude. When stripes become narrower the synchronization is felt by
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Figure 3: The phase-space (x,u) and the distribution function f (u) at different times, for A0 = 1,

and up = 1.0.

a lower number of particles and oscillations become less regular, till the system reaches the

equilibrium configuration.
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