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Particle orbits in an axisymmetric equilibrium plasma
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Shafranov coordinate system
The (p, 0, ) coordinate system in the Figure is usually used

when working with tokamaks. The Shafranov coordinates

are defined as the sinistral system (p, 0, ¢), where ¢ = —,

so that the position vector for a point on a toroidal configu-

ration is given by
r=(Ry+pcos®—A(p))cosd i+ (Ry+pcos® —A(p))sing j+ psin6 k. (1)

The A\ (p) represents the Shafranov shift in the toroidal plane towards the major axis. Using the

notation

R=Ry+pcosd—A(p), 2)

one obtains from the position vector

g_; =1, = [(cosG—A’)cosq), (cosG—A')sinq),sinO], 3)
g—; = r9 = p|[—sinBcosd,—sinBsing, cosh], “)
d
ﬁ = r9y = R[-—sing,cos¢,0], )]
so that the unit vectors are given by

e, — P2 _ ;[(COSQ—A/)COSQ) (cos® — A')sing sin@} (6)

P rp| 1—/\'cos O ’ ’ ’

e = |:—9| = [—sinBcos@, —sinOsing, cosO |, @)

0

e = Lo _ [—sing, cos ¢, 0]. 3

g

The Jacobian is defined to be
J=rp-(rgAry) = —pR(1—A'cos0). 9)
The volume element for this system is given by

dV =rp-(rg Ary)=1J, (10)
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with the understanding that integration takes place in p from O to the radius of the toroidal

surface, 0 € [0,2x], and ¢ from 27 to 0. The following (non-orthogonal) properties are noted:
r, rg=pA'sing; rp ry=0; rg-ry=0. (11)
The line element can be written as

ds* = gijdx'dx/ = (1 -2 A’ cos 0)dp* + p>d6? + R*d¢* +2p A'sin8dpdd,  (12)

where the coordinates (x!,x?,x) correspond to (p, 0, ¢).

Equations of motion
The velocity is written as
ds\ dx' dx’ . . .
W2 = (d—‘;) =g/ d—’;d—xt —(1-2A cos0)p*+2p N 'sin@pb +p* 0> +R*¢%,  (13)

so that the Lagrangian becomes

L_mdSZU
2 \dt

- % [(1 2N cosB)p22p Nsin0pO+p2 02+ R 92| —U(p,0,0) (14)
with
R?> = R34 p?cos> 0 +2Rppcos® —2Ry A —2 A pcos (15)
and where we have used the approximation

A< 1. (16)

We proceed by writing the equation of motion

d (dL dL

for each coordinate in the system. For the p coordinate

(1—2A"cos8)p —A"p*cos®+2 A pOsin6
.. . . —1
+ A pBsin® —pO(1— A" cos0) —RP(cosO — A') = —g—z (18)
m
Approximation (16) allows us to write (1 —2/A\’cos@) =1 —2 A’ cos 0 + (A cos §)?
= (1 —A'cos 0)? as well as to multiply selectively with the factor [1 — (A cos 8)?], so that (18)

becomes

(1—Acos9) [(1 —N'cos@)p +(14+A'cos8)(2A pOsind+ A'pBsind — A"p?cos 6)

_nA2 _ 4 N / ___la_U
pO-—R@(cosO —A")(1+A'cosb) | = o 3p (19)
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Again, (16) allows us to write (cos @ — A')(14 A’cos8) = cos§ — A\'sin? , so that (19) be-

comes

(1—A'cos0)p+2A" phsind+ A'pbsin® — A"p?cos @ —ph? — Rp(cos 0 — A\ sin” 9)
—1 1 U

:WI—A’coseﬁ’(zo)

using the approximations (16) and A’/\” < 1. The 6 component of the equation of motion (17)

1S written as

A”pzsine+A’[)’sin9—|—2p9+pé+R¢sin9:_—18—U, 21)
mp 96
while
Y R SN
o R°9| = QR +¢ |2RpcosO —2RpOsinO —2 A" p(Ry+ pcosB)
= QR*+2RP(pcos® —phsind —A/p) (22)

using notation (15) as well as the approximation A" < 1, so that the ¢ component of (17)

becomes
T o . .. —10U
OR“+2RP(pcos® —pOsinf —A'p)= ——. (23)
m do
The set of equations to be solved is given by (20), (21) and (23). The integral of energy
’i aL
E=x 5 —L (24)
is given by
E—= % [(1 2N cosO)p2 L2 pplsind + p202 +R2P2 | 1 U(p.6,9). (25

Under axisymmetry in the toroidal direction the ¢ coordinate becomes ignorable, so that the ¢

component of the equation of motion (17) becomes

% [®9] =0, R%$ =Py, (26)

where Py is a constant. This expresses the conservation of angular momentum in the toroidal
direction. Also, under toroidal axisymmetry, no ¢ dependence means that equation (23) falls
away, so that the set of equations of motion reduces to only the p and 6 components, given by

the simplified (20) and (21):

. . . -1 1 aU
(1 —A'COSG)p—i—2A’p9 sin9+A’p98in0 —ANPZCOSG —p92 = ?m% ,(27)
: . —10
A”pzsin9+A’psin9—|—2p6+p0:m—p%. (28)
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Numerical implementation

By introducing the two variables
r=p. t=96, (29)

the toroidal axisymmetric set of equations (27) and (28) reduce to

1—A'cos® pA'sind i B
N'sin 6 P T
1
pt> =2/ rtsin@ 4+ A"r?cos 6 — ou
m(1—A’cosB) dp 30)
— A" r?sin@ —2rt — 10U
mp 06
together with
d r
al P , 31)
dt\ ¢ T
The determinant of the matrix of the left of (30) is
1—A'cos® pA'sind ,
=p(1—A"cosH), (32)

A'sin @ P
using the fact that (A")? < 1, which allows us to calculate the inverse of the matrix on the left

of (30). Matrix system (30) can now be written as

d r A
— = 33
18 L] (33)
where
A = ;(prz—2A'r‘csin9+A"r200s6>—
1—A'cos6
1 U Nsin 6 1 U

— — 34

m(l—2A’cosG)8p+1—A’cose< ' +mp89)’ 34

— AN 725in 0 A'sin 6 1 oU 1 1 U
B = T (A"F*sin0+2 — 35
1—A’cos6 +1—2A’cos@mp ap p( rsinG M+mp 89)’ (33)

which is solved together with the system (31). To obtain the above result we have used the

approximations (A’)? < 1 and A" < 1

Future work

By working in the non-orthogonal Shafranov coordinate system, the flux surfaces inside the
toroidal chamber are approximated by circles shifted in the radial direction towards the major
axis. We have written the components of the equation of motion and the intention is to integrate

them numerically to obtain the particle orbits inside the chamber.



