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Introduction Fast magnetic reconnection is responsible for some of the more violent plasma
phenomena, such as magnetic substorms in the earth’s magnetosphere and the internal disrup-
tions, the so-called sawteeth in fusion experiments. Effects of finite electron inertia and parallel
compressibility can enhance the reconnection over the rategiven by resistivity. This becomes
relevant in very hot as well as very dilute plasmas. The in thisway calculated reconnection rates
are comparable with those estimated from fusion experiments[1].

Two-fluid modelling of the tearing instability of a straightcurrent layer has shown that current
and vorticity gradients increase faster than exponentially and length scales shrink well below
the intrinsic scales of the system (skin depth, ion gyroradius)[2,3].

An analytical treatment of a tearing mode in a straight current slab has been made possible by
considering an equilibrium that consists of piecewise uniform regions of current density. This
analysis can be extended to cylindrical geometry so that thelinear stability of an annular region
of generalized current density can be studied.

In this paper we apply the method of contour dynamics [4,5] to follow the dynamics of a
reconnecting tearing mode into the nonlinear regime.

Drift-Alfvén model We consider a strongly magnetized, lowβ plasma, with a strong mag-
netic guide fieldB = B0(ez +ez ×∇ψ) and an electric fieldE = B0(ez∂tψ −∇φ), whereφ , ψ
are the electrostatic and magnetic vector potential, respectively. The plasma is described as an
electron and an ion fluid. The electrons are assumed to be collisionless, and their inertia in the
direction parallel to the magnetic field is taken into account. The ion response is modelled by a
cold ion approximation, that does not involve ion dynamics but couples parallel perturbations in
the electron fluid to quasi-neutrality. Parallel current iscarried by electrons only. The continuity
and momentum balance equations,

∂t∇2φ +[φ ,∇2φ ] = v2
A[ψ, ∇̃2ψ], (1)

∂t(∇̃2ψ)+ [φ , ∇̃2ψ] = −
ρ2

s

d2
e
[∇2φ ,ψ], (2)

with [A,B] = ez ·∇A×∇B, ∇̃2 = ∇2−d−2
e , v2

A = B2
0/min0 the Alfvén velocity andde = c/ωpe

the electron inertial skin depth.
These equations can be cast in the form of two purely advective equations for generalized

vorticities [6], that are being advected by their own respective generalized streamfunction,

∂tω± +[φ±,ω±] = 0. (3)

The vorticities are given byω± = ∇2φ ± (vA/vth)
2∇̃2vthψ, and their streamfunctions byφ± =

φ ± vthψ.
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Contour Dynamics This formulation allows the simplification that is exploitedwhen using
contour dynamics. Inverting the definition for the generalized vorticity, we obtain the stream
function as integrals over the vorticity distributionsω±(r),

φα(r) = ∑
β

∫
d2r′Φαβ (|r − r ′|)ωβ (r ′), (4)

whereα,β = +,− denotes the type of vorticity, and with the Green’s function for the un-
bounded domain, given by

Φα,β (r) =
1

2π

(

lnr + cαcβ K0(
r
de

)
)

,

with c± = ±vth/vA andK0 is the modified Bessel function of the second kind. By assuming the
(generalized) vorticity to be constant within a well-defined regionC, bounded by a contour∂C,
the dynamics is completely defined. The velocity of then-th contour is calculated by evaluating

vn(r) = −∑
m

ωm

∮
∂Cm

dl′Φβ (n)β (m)(|r − r ′|),

where the summation is over all contours∂Cm andβ (m) is the type of them-th contour. Because
the surface enclosed by∂Cm is conserved, all linear combinations of fluxesωα are conserved.
This makes this approach very suitable for numerical purposes, as there are no external bound-
ary conditions to be observed.

By superposing contours of the+ and− type we can construct regions of pure current density
by giving them opposite weight.

Geometry, linear stability We construct an equilibrium with a,z-independent cylindrical
geometry, by making a linear combination of two concentric patches of radiusR j, i.e. fourωα
contours, with vanishing vorticity and with magnetic vector potential

ψ0, j = −d2
e j j

{

1− R j
de

K1(
R j
de

)I0(
r
de

) if r < R j,
R j
de

I1(
R j
de

)K0(
r
de

) if r > R j,

with Ii,Ki modified Bessel functions of the first and second kind. We obtain a positive current
in the annular region betweenR1 < r < R2 for ψ0 = ψ0,1 +ψ0,2, with j1 < 0 < j2.

We introduce linear perturbations of the contours of these patches of the formA(r,θ) =

A0(r)exp(i(mθ −ωt). When we linearize eqs. (1, 2) we obtain the system

−ω∇2φ1 = v2
A

m
r

{

(ψ ′

0)(∇̃
2ψ1)− (∇̃2ψ0)

′(ψ1)
}

, (5)

−ωd2
e ∇̃2ψ1 = d2

e
m
r

φ1 (∇̃2ψ0)
′+ρ2

s
m
r
(∇2φ1)ψ ′

0, (6)

where prime denotes derivation with respect tor. The contours of a current patch are perturbed
atRi by

φi,m(r) =
φi,m

2m







(

r
Ri

)m

(

Ri
r

)m and ψi,m(r) = ψi,m

{

Km(Ri
de

)Im( r
de

) if r < Ri,

Im(Ri
de

)Km( r
de

) if r > Ri,
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Figure 1: Left: the equilibrium geometry. The upper curve shows ther-dependence ofvz. The
central curve is the current density∇2ψ0(r), showing a current layer atR1 < r < R2 and screen-
ing at distances> de. The lower curve isψ0. Middle and right are theφ andψ-fields of a linear
perturbation.

with k̃ =
√

k2+d−2
e . This yields a dispersion relation inω andk,

ω4 +ω2Tr(M)+det(M) = 0,

with

M = −
m
2

v2
A

(

j1Im1Km1− ĵ1 j1Im1Km2

j2Im1Km2 j1Im2Km2− ĵ2

)(

j1−2m ĵ1ρ2
s /d2

e j1(R1/R2)
m

j2(R1/R2)
m j2−2m ĵ2ρ2

s /d2
e

)

and
ĵ1 =

ψ ′

0(R1)

R1
= j1I11K11+ j2I11K12

R2

R1
,

ĵ2 =
ψ ′

0(R2)

R2
= j1I11K12

R1

R2
+ j2I12K12,

andKmi = Km(Ri/de), Imi = Im(Ri/de), i = 1,2.
We can identify three qualitatively different regimes in this description, with different stability

characteristics. For Tr(M),det(M) > 0 we have two unstable modes, for det(M) < 0 we have
one unstable mode and for 0< det(M) < 1

4Tr(M)2 the current channel is stable.

Numerical method, results We consider an equilibrium withR1 = 1.8de, R2 = 2.5de and
ρs = de (see left figure in Fig. 1). The ratio of the jumps in the current density jumps atR1 and
R2 of the original patches,j1/ j2 = −1., determines that the resonance layer∇ψ = 0 is located
betweenR1 andR2. For these parameters them = 2 mode with tearing parity is unstable. The
m = 2 kink mode is stable.

The contour dynamics code [4,5] involves the symplectic timeintegration of quasi-uniformly
distributed nodes along the predescribed contours. The equilibrium contours are initially per-
tubed with anm = 2 seed displacement of the outer contours of amplitude 0.004R2

When we do this, the at first overlapping contours are drawn apart, creating regions of positive
and negative vorticity. In this way am = 2 tearing type mode develops that qualitatively looks
like the analytic linear mode. We observe that the mode does not nonlinearly saturate: it keeps
growing until all of the magnetic field in the central region isreconnected (compare fig. 1 and
fig. 2, t = 100τA). This is due to the vanishing central magnetic shear of thismodel equilibrium.
In this way, the o-point regions become current filaments, that eventually, fort > 200τA, start
to merge, as described in [7]. Later, fort > 250τA, very thin filamentary structures emerge as
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Figure 2: Contour dynamics simulation. From left to right the contours ofω± (red, blue), after
t/τA = 45, 100, 140, 160, and 200. Second row theφ and the third row theψ-contours.

the current patches are stretched and folded. The numericalchallenges this poses have been
adressed in [5] by means of contour surgery.

Until t = 200τA current layer in the x-point region continually narrows, butsubsequently
the in-out asymmetry of the cylindrical geometry prevents acomplete scale collapse as was
observed in slab geometry in [2].

Conclusions In this paper we have shown that by considering an equilibrium that consists of
piecewise uniform generalized vorticities we can obtain an analytical expression for the disper-
sion relation for linear perturbations.

Furthermore, this approach allows us to apply the powerful contour dynamics methods to
study collisionless magnetic reconnection. The results show how analytically determined
(in) stability of a cylindrical tearing mode is confirmed by numerical calculation.

Acknowledgments This work, supported by the European Communities under the contract of
Association between EURATOM/FOM, was carried out within the framework of the European
Fusion Programme with financial support from NWO. The views and opinions expressed herein
do not necessarily reflect those of the European Commission.

References.
[1] M. Ottaviani and F. Porcelli, Phys. Rev. Lett.71, 3802 (1993).
[2] H.J. de Blank and G. Valori, Plasma Phys. Control. Fusion45, A309 (2003).
[3] H.J. de Blank, Phys. Plasmas8, 3927 (2001).
[4] P.W.C. Vosbeek and R.M.M. Mattheij, J. Comput. Phys.133, 222 (1997).
[5] J.H. Mentink, J. Bergmans, L.P.J.Kamp and T.J. Schep, Phys. Plasmas12, 052311 (2005).
[6] T.J. Schep, F. Pegoraro and B.N. Kuvshinov, Phys. Plasmas1, nr 9 (1994)
[7] J. Bergmans and T.J. Schep, Phys. Rev. Lett.87, nr 19 (2001)

33rd EPS 2006; E.V.vanderPlas et al. : Contour dynamics modelling of collisionless magnetic reconnection 4 of 4


