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A new type of mesh-free plasma simulation model is presented, capable of modelling particle
systems with slowly varying magnetic and electric fields within the Darwin or magnetoinductive
approximation. The model is implemented within the code framework PEPC (Pretty Efficient
Parallel Coulomb-solver), which is based on an O(N log N) Barnes-Hut tree algorithm [1, 2].
The efficient scaling properties of this algorithm already permit multi-million charged-particle
simulations to be performed on modern computer architectures, offering new possibilities for
modelling large-scale magnetised plasmas.

The Darwin model
The Darwin, or magnetoinductive approach to kinetic plasmamodelling is an attractive tech-

nique for relaxing timestep constraints in physical situations where electromagnetic radiation
can be neglected. On a standard spatial grid, solving the Maxwell field equations becomes
subject to the CFL condition∆t < ∆x/c, ensuring that the fastest vacuum modes are properly
resolved. Dispensing with these modes therefore allows larger timesteps to be used, poten-
tially leading to a more efficient numerical solution of the problem at hand. Technically this
is achieved by using a modified set of Maxwell’s equations in which the transverse displace-
ment current is omitted in Ampere’s law, leaving a system of equations valid to orderv2/c2 and
allowing the plasma particles to interact with slowly-varying, self-generated fields [3, 4].

The starting point is the Darwin Lagrangian for a system of mutually interacting particles
with coordinates~r i and velocities~vi [5, 6]:
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whereφi and~Ai are the scalar and vector potentials obtained from the particle distribution
(exluding external fields). Although not strictly consistent with the O(v2/c2) approximation
made in neglecting retardation, we keep the fully relativistic expression for the free particle
component. This allows us to recover the usual Lorentz momentum equation from the Euler-
Lagrange equations
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is the canonical momentum of a single particle. The Lagrangian in Eq. (1) has an associated
Hamiltonian given by:
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whereγi = (1− v2
i /c2)−1/2. Because the Lagrangian does not depend explicitly on time, we

immediately obtain an energy conservation relationdH/dt = 0.
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The potentials and fields for this system of particles are given by:
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where~r i j =~r i −~r j . Note that all of these quantities are expressed as moments of the particle
distribution{~r i,~vi,~̇vi}, and do not require explicit time-differencing. This approach circumvents
the stability and boundary problems normally associated with PIC- or Vlasov-based Darwin
models because all field quantities are automatically expressed in terms of the particle moments
[4]. The Lorentz momentum equation including both internaland external fields is
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Multipole expansion, Barnes-Hut tree algorithm
The present model is entirely gridless and the fields governing self-consistent particle motion

are computed from the particle position, velocities and accelerations. It is analogous to the stan-
dard molecular dynamics approach, which is normally prohibitively expensive, requiringO(N2)
operations for the field evaluation at each iteration. However, by employing multipole expan-
sions of the fields via a hierarchical tree algorithm, this computational effort can be reduced to
a more managableO(N logN). In the present model the electrostatic field is expanded up to the
fourth order, while for the magnetic field and the vector potential an expansion up to the sec-
ond order is used. This combination ensures a reasonable trade-off between force accuracy and
CPU time. The multipole expansion of expressions (5)-(9) is astraightforward exercise, which
to quadrupole and dipole order for the irrotational and solenoidal fields respectively, yields:
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where~R is a vector connecting the test particle and the centre of charge of faraway particle
cloud and~r j is the separation of centre of charge and individual particle in the cloud (r j << R).

To decide how to group more distant particles together into apseudoparticle the Barnes Hut
method is employed. This uses a criterion

s/d < θ , (16)

wheres is ‘size’ of node (or twig),d is a distance between particle and centre of charge of
pseudoparticle andθ is a fixed tolerance parameter. When this criterion is fulfilled, the internal
structure of pseudoparticle is ignored and its multipole moments are added to the cumulative
force for that particle. Otherwise, the node is subdivided as long as the relation (16) is fulfilled.
A high accuracy is achieved with a small value ofθ , but this is paid for with a longer com-
putation time. (In the limitθ −→ 0 every pair interaction is computed with computational effort
O(N2) as in standard molecular dynamics). In practice, a good compromise between rapid and
accurate force calculation typically lies in the intervalθ ∼ 0.3−0.7.

Preliminary tests

Figure 1: Temporal dependence of rms beam radius
obtained from the numerical simulation compared to
result of analythical envelope model (Ne = 70,000,
rb = 2.5, u = γv = 0.8, θ = 0.5).

In order to test the Darwin model im-
plemented within the PEPC, we chose
a simple example of an electron beam
propagating through vacuum in the ab-
sence of external fields. This case is
solvable analytically within the parax-
ial approximation. The envelope equa-
tion describing the time evolution of the
particle beam radius is given by [7]:

R̈−
Ub

β 2γ2R
=

[

R2[V2− (Ṙ)2]
]

t=t0

R3 ,

(17)
whereUb = qβcµ0Ib

4πγm characterizes self-
consistent electromagnetic field of beam
comprising particles with chargeq,
massm and longitudinal velocityβ =
v/c;γ = (1−β 2)−1/2. R2 = 1

N ∑ r2
i and

V2 = 1
N ∑v2

i are the mean square radius
and the mean square transverse velocity
of the beam respectively. For detailed
information see Ref. [7].

To compare results of the PEPC code with the analytical theory above, we carried out several
runs using a beam containing 70,000 particles. The initial longitudinal velocity of the electron
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beam was chosen asu/c = γβ = 0.8 andθ was set to 0.5. Results obtained from the numerical
simulation using Darwin model are compared to the solution of the envelope equation in Fig. 1.
Considering that the beam is slightly accelerated in longitudinal direction due to the non-zero
electrostatic force on particles at the edges of beam, we finda good agreement between these
models. The envelope model based on the single-particle equation of motion does not take into
account changes in beam velocity nor changes in the self-pinching magnetic field, which in
reality increases and causes a slower radial expansion of beam. If we made these corrections
to the envelope model, we should obtain the same asymptotic behaviour as for the full Darwin
model.

Figure 2: Comparison of beam expansion for sev-
eral different initial velocities, demonstrating the in-
fluence of self-generated magnetic field on the beam.

Another set of test runs was carried
out to determine the influence of beam
velocity on the temporal evolution of
beam radius. In these simulations we
used 10,000 particles forming a beam
with length Lb = 5.0 and radiusrb =
0.2. Results are shown in Fig. 2. As
expected, with increasing beam veloc-
ity the radial magnetic field increases as
well. This self-pinching magnetic field
slows down the beam radial expansion.

Conclusion
We have demonstrated a new type of

mesh-free magnetoinductive (Darwin)
plasma simulation model. Using a the
simple test case of a relativistic particle
beam, we have shown good agreement
between the code and analytical theory
in certain limiting cases. Future work

will focus on applying this new model to more complex beam transport phenomena, such as
fast electron flow in laser plasma interactions.
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