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A set of three constants of motion (the energy, the magnetic moment and the parallel action
integral) are typically used to describe plasma confined by a magnetic mirror field. Ryutov
and Stupakov [1] have used these three invariants to determine criteria for omnigenuity and
describe neoclassical transport effects in quadrupolar mirror fields.

We have recently shown that under rather general conditions (valid for mirrors as well as
tokamaks) there exists a fourth independent constant of motion [2], i.e. a radial drift invariant.
The existence of the radial drift invariant is assured by the requirement that the guiding center
of a confined particle cannot have a net radial drift, and thus only oscillatory guiding center
radial displacements off an initial magnetic flux surface can appear. To lowest order in the
radial displacements off the magnetic surface, the radial drift invariant corresponds to a
guiding center motion on the flux surface. In tokamaks, the new invariant provides a simple
mean to describe the poloidal current from the Vlasov equation, and a bridge to ideal MHD
equilibria has been established by using a local Maxwellian distribution function expressed in
terms of the new constant of motion. This same form of the distribution function can also be
used to establish a bridge between neoclassical transport theory in tokamaks and the collision
free state.

Similar theoretical results for quadrupolar mirror fields are presented. The vacuum field

B, =V satisfies V ;(|xzv:0 = B(z)% and V?y =0. In the notation of Ryutov and Stupakov, a

quadrupolar expansion of y to second order in x and y (the long-thin approximation) is
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where B = B(0), R (z)= B/ B, =1/(XY) is the mirror ratio along the z axis and primes

denotes differentiation with respect to z. We are free to choose and X(0)=Y(0)=1.
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The leading order flux line equations are

x(2)=x,X(2) , y(2)=yY(2),

With a circular intersection of the flux tube with the midplane z=0, the flux surface is

determined by a’= x; +y, = [x/X(2)]' +[y/Y(2)]’. If the arc length s along the field

lines satisfies |Vs| —1 at z=0 we obtain
H L = X9 r Yo
Vs = B+a,(z)—Vx,+b,(z)—Vy,
c c

where

dX@) dY@)

i =[as T xG R0 [ds T

A quadrupolar expansion of guiding center potential U, =g¢+uB reads in the
(x,,¥,,5) coordinates
e yz _
U= UO(S)+2—£2U1(S)+2—;2U2(S)
The energy conservation is

&=U . [X, (A1), y, (A1), A5()] + = const ,

and the time evolution of the guiding center coordinates (X,,,,S)becomes

dE dy,
= +[a,(s ) +by(s ) . t]
dx, = dy, _ =
g @,(8)yy > _dt @, (5)X,

Introducing cylindrical Clebsch coordinates by X, =7 siné, and 3, =7, cos6, , the last two

equations can be written

dF—(a) — w,)7ysinf,cos b, d—a):wcos2§+a)sin2§.
dt dt 1 0 2 0

When the electric field gradients are neglected we have

3 2¢& " 3 2¢ "
o) = E=-Zxx | a6t = E=-Lhyyy
q XY uB, q XY uB,
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Axisymmetric fields obey the symmetry @,(s) = ®,(s), and in such fields the guiding center
radial coordinate 7, is a constant of motion. Another field in which 7, is constant is the
straight field line mirror, where X(s) =>1+s/c, Y(s) > 1-s/c and @, (s)=w,(s)=0,
implying that both X, and ), are constant and the perpendicular drift vanish completely in
that particular field.

For quadrupolar fields with @,(s)®, (s) # 0, we arrive at harmonic oscillator equations;

d22 + a)22 (O)a)l (S) ])_CO — 0 , [ d22 + a)lz (O)a)Z (S) ]J_/O — 0
dr, @, (s) dr, @, ()

[

wherez, () = ‘[ dt o,[s(t)]/ @,(0) and 7,(¢) = J-dt @,[s(t)]/ @,(0) . In the absence of electric

field terms, we have o,(s)/ w,(s) = XX "/YY". If o,(s)/®,(s) and its reciprocal @, (s)/®,(s)
are slowly varying, which is satisfied if the drift frequency around the magnetic axis is large
compared to the longitudinal bounce frequency, WKB solution becomes

_ 1. (x,v)sin 6,

X, ~ JI'(s) I.(x,v)cos6, , 7, m

where 50 = 50(0) + j(j dt\/a)l[s(t)]a)2[s(t)] , 1. (x,v) and 50(0) are constant and

I'(s) = I'(s,&, 1) = %Z’)z((g))

This describes a guiding center motion on a drift surface with elliptic cross sections,

I (x,v) = \/)_C()Z/Fz(s) + y.T%(s) = constant

Typically, the ellipticities ¢, ,,,(z)and &, (z)of the drift and magnetic surfaces differ. The
condition &, ,.,(z) =¢&,,(z) has been used by Panov [3] and Skovoroda [4] as a criterion for

omnigenuity in the paraxial approximation.
Constant values of the radial coordinate determine flux surfaces, and the guiding center
satisfies

I(s)—1cos26,
(s)+1 2

7"0 = FO,mean(S)[ 1 +




34th EPS 2007; O.Agren et al. : The radial drift invariant in mirrors in the paraxial approximation 40f4

where 7 .0 (8) = 7 o (8,6, 4,1,) = I (x,V)y/(I? +1)/2T" may differ from the constant 7, .

This means that the mean drift surface deviate from the flux surface, although the two

surfaces intersect at the midplane s = z =0. The difference

_ _ /r2 (s)+1
A}" S, &, ’[r =TI mean s _[r = AT N 1 [r
O,mean( /u ) 0, ( ) [ 2F(S) ]

may add a contribution to the neoclassical transport, even though the banana widths are zero.

The radial invariant can be used to construct equilibria with distribution functions of the
form F(e,u,1.). The pressure perturbed magnetic field is given by
VV 1 'B 1
IB ﬂ(x ) V(X ) d3x|

2 |x—x1

1
B= (1-2)B,+Vg, ) ¢ﬁ,pz(X)=—gf

where f3=2u,P, /B.. As seen, no parallel current or finite banana widths are obtained to

leading order.

Conclusions
An expression for the radial invariant in mirrors have been derived. An orbit effect associated

with a difference between the ellipticities of the flux and mean drift surfaces can enhance the
neoclassical transport. The explicit solution for the magnetic field shows that there is no

parallel current or finite banana with to leading orders with distribution functions of the form
F(e,u,l).
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