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1. Introduction 

The resistive wall mode (RWM) growth rate dependence on the wall thickness is analyzed 

within the single mode model [1] which is extended to incorporate the finite thickness of the 

wall, as briefly described in [2]. Recent discussion of this problem [3] was based on the 

numerical results obtained with the ideal-magnetohydrodynamic (MHD) adaptive shooting 

code AEGIS for the toroidal axisymmetric noncircular plasmas. The method included the use 

of the energy principle with the solutions of the Euler-Lagrange equations to minimize the 

energies in various regions.  

 Our approach is completely analytical up to the point where it gives us the dispersion 

relation in the explicit form mwdf Γ=)/,(γ  with γ  the growth rate,  the ratio of the wall 

thickness to the wall minor radius, and 

wd /

mΓ  the quantity determined by the equilibrium plasma 

characteristics. The model is based on cylindrical approximation, which simplifies the problem 

allowing the mode separation. In other respects our approach is more general than the modeling 

[3]. We assume a linear response of the plasma to the external perturbation with the response 

coefficient (or mΓ ) as a parameter. This allows to complete the calculations without restrictions 

on the plasma pressure and current distributions. 

 

2. Theoretical model 

In the wall with uniform conductivity σ  and magnetic permeability µ , we have 

b
b 2∇=

∂

∂

t
µσ .        (1) 

The boundary conditions for the magnetic perturbation  at the two wall-vacuum interfaces are b

0=⋅ bn ,        0/ =× µbn ,      (2) 

the brackets mean the jump across the surface. In the plasma-wall vacuum gap and behind the 

wall, ϕ∇=b  and . For 02 =∇ ϕ zeb ×∇= ψ  with )exp(),( ζθψψ inimtrmn −= , in the 

cylindrical approximation, these equations are reduced to (prime shows the radial derivative) 
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0=mnψ ,        0/ =′ µψ mn .     (4) 

Assuming low  and  and  (large aspect ratio), we disregard  in (3).  m n 1/ <<Rr 222 / Rrn

 In the vacuum regions ( 0=σ ) on the both sides of the wall 

mm

mn hrgr −+=ψ ,       (5) 

where ,  and  are the time-dependent constants. Behind the wall ( ,  

is the wall inner radius, and  its thickness) we have , if there are no sources of . Then 

equations (4) give us for the outer side of the wall with 

0>m g h dwrr out +=> w

d 0=g b

0µµ =  (permeability of vacuum): 

02)( ==+′ m

outwallmnmn mgrmr ψψ .     (6) 

Integration of (3) through the wall with condition (6) at  yields [2] outrr =

mm W=Γ ,        (7) 
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where )(wmnin ψψ = , , ‘in’ and ‘out’ denote the inner and outer sides of the wall, and wrx /≡

2

0 wσµτ ≡∞ .       (9) 

 

3. Dispersion relation 

The mΓ  in (7) comes from the boundary conditions (8) at the inner side of the wall. Therefore, 

mΓ  is determined by the solution for mnψ  in the region wr < , which includes the vacuum gap 

and the plasma. When the plasma response to external perturbation is linear, the quantity mΓ  is 

determined by the equilibrium plasma parameters [1]. 

 The right hand side in (7) depends on the solution in the wall, which is, for )exp( tmn γψ ∝ , 

)()( yhKygI mmmn +=ψ

ctions, and 

,     (10) 

where  and  stand for the standard modified Bessel funmI mK

xy ∞= γτ .     

0) allows arbitrary complex γ . 

  (11) 

This form is convenient for real 0>γ ,

 In our case, the boundary condition (6) at outrr =  is satisfied by 

 though (1

)(/ 11 emm yIKhg −−= .  /)( ey    (12) 

Then, with (10)–(12) and )exp( tmn γψ ∝ , we obtain from (8) 

W 13) ),( eii yyFy= .      (m
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 ∞= γτiy  and represent the in)/1( wdyy ie +=  

mm ygIy )()( 11 − −−       (

Here ner and outer sides of the wall, and 

inmm ygIyhK

hK
F

)()( +
= 14) 

with given by (12). The function depends on the normalized growth rate hg /  mW  ∞γτ  and the 

ratio . For known mwd / Γ , equation (7), valid for the wall of arbitrary thicknes ith mW  

given by (13) turns into equation for 

s, w

γ . First, we consider its asymptotic solutions. 

 

4. Asymptotic behaviour 

all, , and assuming, in addition, For a geometrically thin w  1/ <<wd const≈mnψ  in the wall 

(so-called constant ψ  approxim id for dwyi /<< ), one obtains

W w
m =

τ

ation val   

t

mn

mn ∂

∂ψ

ψ
,       (15) 

where 

drwd ww σµττ 0/ =≡ ∞

dard thin-wall relation [1] 

.      (16) 

Then, for )exp( tmn γψ ∝

mw Γ=γτ .       

, equation (7) is reduced to the stan

(17) 

In the opposite limit, when 0 , mW  can be approximated by )(/)( →imnemn yy ψψ
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which corresponds to in (10) while keeping 0/ →hg  mm KI / i
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A finite difference is needed here. T

 tokamaks, this inequa
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which is typical for lity can be satisfied at very large iy  only. 

With )( iyWW ∞=  the dispersion relation (7) turns into 
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The second expression is convenient for  (1<<iy wdw /<<γτ ,

geometrically thick wall only), where it g

5.0≈Γ ∞ mm γτ ,      (21) 

 whic

ives 

− )1/(
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which is equivalent to the thin-wall result (17) for the wa

  (22) 

 For a geometrically thin wall, at 

ll with a thickness  

)1/(5.0 −= mwdeff .     

)  equation (20) is reduced to /( dwOyi ≥

Γm .      ∞=≈

he same mΓ . Larger γ  means that only a 

γτiy  (23) 

This gives larger γ  

part of the wall plays a role in the process, which should be taken into account in RWM 

problems.  

 

than one obtains from (17) for t

5. Thick versus the thin approximation  

The asymptotic behavior of γ  at small and large wall thickness is described by simple formulas, 

while for the intermediate ra ge of wrd /  we find n γ  from the dispersion relation (7) with (13) 

and (14) solved numerically as the 

equation for the lines of constant mΓ . The 

latter task is much easier that the iginal 

one considered in [3], while we find the 

same decrease of the growth rate of RWM 

with increasing wall thickness, see Fig. 1. 

 In a wide range of parameters, our 

 
Fig. 1. RWM growth rate γ  vs the wall thickness 

d  at different positions wr  of the wall, as 

described by Eq. (7) with mW  given by (13). Here 

pr  is the plasma radius, )01

 

.0(γ  is, in each case, 

 growth rate at / =prd The lowest curve 

shows the ‘thin-wa

the 01.0 . 

ll’ γ  as described by (17). 

or

results show excellent agreement, with the 

numerical results [3] for specified 

equilibrium configuration. This proves 

that the single mode model can be a 

reliable tool for analysis of the wall effects 

on the plasma stability in tokamaks. In 

particular, it can be used in the cases when 

the traditional thin-wall theory is not 

longer valid. This may be the case when γ  

becomes much larger than 1−
wτ . 
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