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The water bag model has been recently adapted to the context of cylindrical magnetized

plasmas [1]. Such a representation gives an interesting connexion between fluid and kinetic

models, using the conservation property of the Vlasov equation to provide a multi-fluid-like set

of equations. The multi-water-bag distribution function takes a step-like form along the parallel

(to the magnetic field) velocity direction, and dynamics of the system is entirely described by

the evolution of water bag velocity contours. The present work consists in a generalization of

the multi-water-bag description to the case of a multi-species plasma. As a first step, we assume

cylindrical geometry, adiabatic electrons and a kinetic description of each ion species. With

the aim of describing various populations (Carbon, Tungsten), our model keeps a fully kinetic

moment-sense description of each ion species. A parametric linear study of Ion Temperature

Gradient instability has been achieved, considering a Deuterium plasma mixed with different

impurity populations.

The water bag model

Initially introduced by De Packh [2] and Hohl [3], the water bag model was generalized

to the multi-water-bag one [4, 5]. The main idea of this description is to use the Liouville’s

conservation in phase space to reduce of one dimension a given problem. The water bag de-

scription is well adapted to problems with a unique velocity component. It consists in assuming

a multi-step-like distribution function along the velocity component. The values of such a func-

tion are constant. The dynamics of the plasma is entirely supported by the velocity contours of

each uncompressible "water bag" [6]. According to the gyrokinetic ordering and assumptions,

whose essential result is to reduce the velocity space to the parallel velocity direction (in the

sense that perpendicular velocity is not an independent variable), the concept of water bag has

been recently extended to gyro-water-bag model [1]. By inserting a multi-water-bag distribution

function into the set of cylindrical gyrokinetic equations, we get gyro-water-bag equations [7]:
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whereµ = Miv2⊥/(2B) is the magnetic momentum (adiabatically invariant),Jµ denotes the

gyroaverage operator,vE = E×B/B2 is the electric drift.qi andMi are respectively mass and

charge of an ion (i) population described with the water-bag contoursv±µ j . The ion densityni is

defined relatively to the water bag parametersni = ∑µ ∑N
j=1Aµ jJµ(v+µ j −v−µ j). We do use the

following assumptions:

⋆ Adiabatic electrons with small potential energyeφ << Te.

⋆ Constant magnetic field.

⋆ Typical lengths greater than the Debye one: quasi-neutral plasma.

Water bag equations for a multi-species plasma

To describe a multi-species plasma, we introduce a water-bag-like distribution function for

each species we consider:

fsµ(r,v‖, t) =
Nsµ

∑
j=1

Asµ j

[

ϒ(v‖−v−sµ j)−ϒ(v‖−v+sµ j)
]

(3)

The water bag parameters are chosen with moment-sense equivalences [1] relatively to con-

tinuous maxwellian equilibrium distribution functions. The relative thickness of each one is

linked to the mass number through the thermal velocityv2Ts= Ts/Ms. In cylindrical geometry,

we get the multi-species multi-water-bag set of equations:

∂tv±sµ j +(JsµvE).∇ ⊥v
±
sµ j +v±sµ j∂zv

±
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JsµE‖ (4)

∑
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, (5)

where each ion densityns is defined relatively to the water bag parameters:

ns= ∑
µ

N

∑
j=1

Asµ jJsµ(v+sµ j −v−sµ j) (6)

In order to obtain the linear stability threshold of a multi-species plasma, we assumed small

perturbations around an homogeneous (θ, z), symmetric relatively to parallel velocity equilib-

rium, without any equilibrium electric field:

v±sµ j(r, t) = ±asµ j(r)+w±
sµ j(r)e

i(mθ+k‖z−ωt) (7)

φ(r, t) = 0+δφ(r)ei(mθ+k‖z−ωt) (8)
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By neglecting any second order term in perturbation, we get thelinearized gyro-water-bag

set of equations:

(ω∓k‖a j)w
±
sµ j =

[

k‖
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∓
kθ
B
drasµ j

]

Jsµφ (9)

∑
s
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[
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=
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δφ, (10)

where the perturbed density is given by the perturbed velocity contours:

δns= ∑
µ

Nsµ

∑
j=1

Asµ jJsµ(w+
sµ j −w−

sµ j) (11)

The electric potential is assumed to take the formδφ(r) = δφ0eg(r). Nowwe introduceκ (r) =

d2r g+ (drg)2+ drg/r. In eliminating water bag velocity contoursw±
sµ j , we finally obtain the

multi-species plasma dielectric function:
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+J 2
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ω2−k2‖a
2
sµ j

]

, (12)

where the typical water bag parametersαsµ j = 2Asµ jasµ j/nsµ0, κsµ j = drasµ j/asµ j are determi-

nate using a moment sense equivalence. Especially, we assume radial dependenciesαsµ jκsµ j =

βsµ jκTsµ/2+ γsµ jκnsµ . The linear stability threshold is given by a parametric approach rela-

tively to ω, solving the conditionsε(ω) = 0 anddωε(ω) = 0. In the case of two ion species,

such a threshold is a surface in a four dimensions space (both temperature and density gra-

dients), so do we use assumptions we will discuss in the following, to finally obtain relevant

results.

ITG stability and dilution effects

In the case of a single ion species plasma, the ITG instability occurs without including finite

Larmor radius effects. As a first step, we neglect them in the following analysis. The temperature

radial profiles are assumed to be equal for both main and impurities populations. Dilution effects

are discussed in the following. An important and quite open issue in the conception of the

ITER reactor is the one about the first components in the wall. The best candidates are Carbon

and Tungsten, so do we study here, as an example, their influence on the stability of a mainly

Deuterium plasma. We report in Fig. (1) the stability diagrams in the case of a D-C (up) or a

D-W (down) two-species plasma. The control parameter is the relative density of impurities at

a radial given point of the plasma column. In order to consider only dilution effects, we assume

here a flat radial density profile of impurities.
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Figure 1: Comparison between Carbon

and Tungsten impacts on the ITG stability

of a Deuterium plasma (κnD, κTD) plane

in k‖ units.

We observe in Fig. (1) a global destabilizing ef-

fect of the plasma with an increasing relative ra-

tio of impurities. Such an effect could strongly af-

fect the well-knownη → 2 branch of the stabil-

ity diagrams. It occurs for low values of the den-

sity of impurities (1% for C, 0,1% W). The inten-

sity of destabilization is clearly proportional to the

mass and charge of impurities. In the case of the

Tungsten population, we can notice that the stabil-

ity threshold exhibits a bi-lobe-like structure. Such

a fact could corroborate the idea to depict such an

impurity population with only one bag. It is due the

large mass ratio between W and D, which implies a

very thick distribution function of Tungsten.

Conclusion

This study has pointed out the ability of the

giro water bag model to describing a multi-species

plasma. Thanks to the linear analysis, we are able

to obtain an analytical threshold of the ITG insta-

bility. Some interesting results have been obtained.

The density ratios are strongly related to the ion mass and charge numbers. A destabilizing

effect has been shown in the case of a flat density profile.
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