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Drift and acoustic modes in radially and axially inhomogeneous plasma

J. Vranjes'?2, S. Poedts!

Center for Plasma Astrophysics, and Leuven Mathematical Modeling and Computational
Science Center, Celestijnenlaan 200 B, 3001 Leuven, Belgium

2Faculté des Sciences Appliquées, avenue F.D. Roosevelt 50, 1050 Bruxelles, Belgium

Under laboratory conditions the equilibrium plasma can have a density gradient both along
the magnetic field lines and in the perpendicular direction. In space plasmas, like in the solar
coronal magnetic flux tubes, this axial density gradient may be due to stratification in the exter-
nal gravity field, or due to any other externally imposed reason. The characteristic axial density
scale length is usually much larger compared to the radial one, and in many situations the axial
density profile may even be taken as constant. In those cases when the latter approximation is
not physically justified, one encounters an eigenvalue problem in both radial and axial direc-
tions. Electrostatic waves propagating strictly parallel to the magnetic field lines will have all
features of the ion acoustic (IA) wave as if the magnetic field were completely absent. How-
ever, waves propagating obliquely to the magnetic field lines, typically satisfying the condition
k./k, < 1, appropriate for a drift wave description, will combine both the drift and IA wave
properties. The parallel IA component will then correspond to the classic case [1] dealing with
the IA wave propagating along the density gradient.

In this work, we present exact analytic solutions for some equilibrium density profiles in
such fully inhomogeneous plasmas. We consider a plasma embedded in the magnetic field By =
Boé;, with an equilibrium density gradient in both the directions perpendicular and parallel
to the magnetic field. Density perturbations associated with an electrostatic wave propagating
obliquely to the magnetic field are described by the ion continuity equation which can be written

as
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The perpendicular and parallel ion velocities associated with the drift wave, in the usual limit

0. (1)

|d/dt| < Q;, are given by
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We further use the quasi-neutrality condition, and omit the electron inertia effects so that elec-
trons are described by the Boltzmann distribution. Assume a cylindric plasma that extends up
to r = rg in the radial direction, with the equilibrium density ng = ng(r,z). Perturbations are

of the form f(r,z) exp(—i@t +im0O), where m is the poloidal drift-mode number, and we have
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V|, =8d/dr+¢€yd/(rd0).Egs. (1)-(2) are combined yielding
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Here, all spatial variables are in units of ry, and i, = (dng/dr)/ng. As a good representative of
various plasmas we consider a Gaussian equilibrium density profile in both directions ng(r,z) =
Noexp(—k?2r? — k2z%), where &, # k. and typically k,/k; > 1, hence h, = —2k?r, h, = —2Kk>z.

Introducing ®(r,z) = y(r)&(z), from (3) we obtain the two equations
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Here, « is an arbitrary constant which appears due to the separation of variables. The drift
and IA modes are decoupled for o = 0. In the homogeneous case, Eq. (5) yields the IA wave
0’ = kgc%, otherwise it gives an axially dependent mode amplitude [1].

The general solutions of Egs. (4) and (5) are, respectively,
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In order to obtain physically well-behaved solutions, i.e., non-singular in the (r,z)-plain and
even in the +z directions, we here choose C; = D, = 0. Under laboratory conditions, the poten-
tial vanishes at least at »r = 0, and r = rg, resembling a radially standing drift wave. Due to the
limited axial length in laboratory situations, a standing wave may appear in the axial direction
too.

Eliminating ¢ and find the dispersion equation in terms of the plasma parameters and ag, bg:

2 2.2 2
2mci K, apc
o’ <1+bo€—§) — Q;’%r w— r(%s =0. (8)

In physical units the dispersion equation takes the form @?(1+bgp2) —2mQ;k>p2w — agc? = 0.

The parameter by is to be determined from the requirement of vanishing solutions at ry. Because
Eq. (6) may contain oscillatory solutions, this in principle implies a sequence of discrete values
for by [2], [3]. As for ag it appears as a free parameter for an infinite plasma column, or it should
be determined from the requirement & (L/2) = 0 for oscillatory solutions in the axial direction,

where £L/2 determines the two ends of the plasma column. In the later case, we have only
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Figure 1: Left: Eigenvalues by of Egs. (6) (for the poloidal drift wave number m = 1) for various
radial density profiles, yielding a standing wave solution in the radial direction. Right: The
eigenfunctions Eqs. (6) (in arbitrary units) for m = 1, and for Krz =1, bg = 13 (line a - the first
eigenfunction), and by = 47.6 (line b - the second eigenfunction). These parameters are denoted

by * in the eigen-values on Fig. 1.

a drift wave propagating in the poloidal direction, determined by the poloidal number m, and
having a standing wave structure in both radial and axial directions.

As example, the lowest eigenvalues by are determined for the poloidal wave number m =
1 (Fig. 1, left). Note that the density decreases with r so that for k> = 0.5, 1,3 we have
no(ro)/No=0.61,0.37, 0.05, respectively. The corresponding eigen-functions, in arbitrary units,
are presented in Fig. 1 (right).

In the axial direction, for a limited plasma column which extends e.g., up to +10rp, the
first term in the solution (7) for KZZ = 0.014 gives the following first 4 eigenvalues: ay =
0.013,0.214, 0.609, 1.202.

Note that for the above given k; the equilibrium density ng(z)/Np decreases to ~ 0.24 at
z/ro = 10. These eigenvalues are used in the plot of the four even eigenfunctions in Fig. 2
(left). These show the normalized wave amplitude ® and also the relative density perturbation
A1 /ng, which (except for the lowest eigenvalue) increase along z in the presence of the given
Gaussian equilibrium axial density profile. As an illustration, a standing wave pattern in the
r — z plane, associated with the drift mode traveling in the poloidal direction with the poloidal
number m, is presented in Fig. 2 (right). Here, for m = 1. the lowest eigenfunction in the r-
direction is combined with the 4th eigenfunction in the axial direction so that k. = 1, bg = 13.3,
k2 = 0.014, ap = 1.2015, form = 1.

To summarize, the behavior of coupled drift and ion acoustic modes is discussed in plasmas
with density gradients perpendicular as well as parallel to the magnetic field lines. The perpen-

dicular gradient of the density profile is a necessary ingredient for the existence of drift waves.
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Figure 2: Left: The first four axial eigenfunctions Eq. (7) for KZZ = 0.014, and for ap = 0.013
(full line), ag = 0.214 (dashed line), ag = 0.609 (dotted line), ag = 1.202 (dashed-dotted line).
Right: The combination of the lowest eigenfunction in the r-direction with the 4th eigenfunction

in the z-direction; k. = 1, b = 13.3, k> = 0.014, ap = 1.2015, and m = 1.

On the other hand, the density gradient in the direction of propagation of an IA wave is known to
cause the growth of the IA wave potential amplitude and the relative density perturbation. The
presence of both of these gradients in a nonlocal analysis implies solving both the perpendicular
and axial eigenvalue problems. In the past, problems of that kind have been treated numerically,
and separately for the axial and perpendicular directions. We have performed the wave analysis
both in Cartesian and cylindric geometry and we have solved the appropriate eigenvalue differ-
ential equations analytically for a number of radial and axial density profiles. General solutions
are found showing radially and axially varying wave amplitudes. The exact analytical solutions
given here should be applicable in the description of the electrostatic drift-acoustic modes both

in the laboratory and in space plasmas.
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