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Introduction.

We adopt the 4-wave modulation interaction model, introduced by Chen et al [1] for analyz-
ing modulational instabilities of the radial envelope of lon Temperature Gradient (ITG) driven
modes in toroidal geometry, extending it to the modulations on the fast particle distribution
function due to nonlinear Alfvénic mode dynamics, as proposed in Ref. [2]. In the case where
the wave-particle interactions are non-perturbative and strongly influence the mode evolution,
as in the case of Energetic Particle Modes (EPM) [3], radial distortions (redistributions) of the
fast ion source dominate the mode nonlinear dynamics. In this work, we show that the resonant
particle motion is secular with a time-scale inversely proportional to the mode amplitude [4]
and that the time evolution of the EPM radial envelope can be cast into the form of a nonlinear

Schrédinger equation a la Ginzburg-Landau [5, 6].

Long time-scale fast ion nonlinear behaviors.

Three dimensional gyrokinetic simulations show evidence of radial fragmentation of a sin-
gle n (toroidal mode number) coherent EPM [2, 5, 6]. This radial fragmentation suggests the
excitation of low frequency axisymmetric perturbations, for which a nonlinear mechanism is
necessary, in analogy with the modulational instability of a single toroidal drift wave [1], where
toroidal geometry plays a crucial role [4, 5, 6].

The generalization to e.m. fluctuations [7] of the 4-wave modulation interaction model, in-
troduced by Chen et al [1], is based on the description of the nonlinear dynamics of arsingle
Alfvén Eigenmode (AE) or EPM given by a “pump0) mode, which interacts with a “zonal”

toroidally and poloidally symmetric mode generatig) sidebands: i.e.,
S@(pump) = ¢/ nékda+ing S e ™ Sgn+c.c
m

S @(zonal mode =€ /K" 54, +c.c.
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5 @. (sidebandps= ( ) gHing -+ Kodr Zeﬂmgé(p%i) +c.c. (1)
m

with d@Epm = 0@ + 0@ + d¢@_ + c.c. and similarly for the parallel vector potential. Here,

we have usedr, 3, ¢) straight field line toroidal flux coordinateg,is the safety factorgy =

k/(nd) is the normalizedk of the EPM radial envelopen is the poloidal mode number and
other symbols are standard. Given the strong zonal current screening by electrons on the colli-
sionless skin deptide = ¢/ wpe, the nonlinear equation f&A, ;is djji,+0jez~ Ojjez = 0.

This readily yieldsw/ (k) (3A ,/d @) ~ ki 8% <, i.e.0A ; can be considered a passive scalar,
which weakly influences the mode dynamics [7]. Introdudinglo ¢ = —(1/c)d oA, pump

EPM and sidebands obey the following nonlinear quasineutrality and vorticity equations [7]

ne? T o -
T (1+ i) O = <eJ05H.>k— <e5He>k )
b-0SY\ &/ @y i B
2 o , )
b- (k" xk 2
- %4 <5A|,kﬂi5A|k~ - 50 @/Dia@”) -
Va

wherevy is the Alfven speedw, the thermal ion diamagnetic frequenay, the magnetic drift
frequency, angular brackets indicate velocity space integratiok ankd +k”. Furthermorey ¢
in Eq. (3) indicates summation on all thermal and energetic particle plasma spggeieik(A)
(A =k, v, /w) is the Bessel function accounting for finite Larmor radius effects, g
satisfies the nonlinear gyrokinetic equation [8]

(& +vyb-O+ioy), SHy = i%QFoJO(A)aLk—gb- (K" xK' ) J(A)0LwOHw ,  (4)

with 5Ly = S — (V) /€)5A K, QFo = 2wdFo/dV? +k - b x [F o/ and where, as usual, the
perturbed particle distribution function has been decomposeifFas 2(e/m)d@dry/dV? +
Yk, exp(—ik v x b/wx) 8Hy, Fo being the equilibrium particle distribution function. Finally,
the evolution of the zonal mod®g is given by [7]

AXiB9 = (c/B)ksKakZpl: | (do—[kjva/cn|?) ((|Wol?)) +200Re(((®o— Wo) Wo))
+00 ((|®o— Wo[?))] (AGAL —AcA_) . (5)
Here, xi; ~ 1.69°K2p?/(r /Ro)Y/? [9], R is the torus major radiugy = (Ti/m)¥/?/wy is the

ion Larmor radiuspg = 1+ 0P jo/(ned @) [7], (d &, dyk) = Ac(@(noq— m), Yo(Nog— m)),
with k = (0),(£), (Po(8), Wo(8)) = (2m) 2 =, expli(nod — m) 6] (@ (noq — m), Yo(nod —
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m))d(nog—m) and((...)) = [=,(...)d6. Thus,®o(8) andWo(6) represend ¢ anddA paral-

lel mode structures, respectively, whilg andA.. the amplitudes of pump and sideband fluctu-
ations. Equation (5) demonstrates the exact cancellation of zonal flows and currents for a pure
shear Alfvén wave, for which the r.h.s. of Eq. (3) also vanishes identically.

Thermal particle nonlinearities enter both Egs. (2) and (3). In Eq. (3), thermal particle non-
linearities are dominated by r.h.s., while fast particle nonlinearities enter via the ballooning-
interchange term only (last on the |.h.s.), since they carry pressure but not inertia [2]. Similarly
to e.s. case [1], Egs. (2) to (5) allow the spontaneous excitation of zonal flows via modulational
instability of the radial envelope of drift Alfvén waves and AE/EPM [7, 10]. This is the domi-
nant nonlinear dynamics for weak instability drive [5, 6]. For strong unstable conditions, typical
of EPM excitations above threshold, nonlinear evolutions are predominantly affected by spon-
taneous generation of radial modulations in the fast ion profiles [2, 5, 6]. It can be shown that
these radial modulations are spontaneously produced with a nonlinear growih faéy /B
and a corresponding frequency shift (line splittidg)] By /B, where [2]

5 (2 4'*“'“0')

QFoe V2 (lin) RN\ H
<wo o sty ) ( (B0 >> Koo (pztn) ) @

with Dg the real part of the EPM dispersion functiak, = (nq')?(9°Dr/dk?)(dDr/d wp)~*

[1—cos(K;/nd)] is the linear frequency shift due to radial modulatiofisjs the Shafranov

Wy =D+l = i31/4eiin/4|ALaDR/an|_1/2W\A ,
¥ = 217 (A’—i— %) NeTE Ve (1 qpe) K22

2 V4

shift, ng, Te andex the energetic particle density, temperature and electric Ch%ge,TE/mE,
wa = Va/qRo, Ao is @ measure of EPM continuum dampig = qu(vi/z-l—vﬁ)/(wdvu) and
A = qu(vi/Z—i—vﬁ)/(%ivH). The (inverse) linear propagatoffélci,”), is readily obtained from
the (inverse) nonlinear propagator expression

Lo = (V| /ARo) ({+ Ao+ 0/2) — wo+ (k5% /B)KZIG(A2) (Mg / o0z) (|AL12+ A7), (7)

whereMy o = (1/2)(|6/ & — 1/4| + alol) { { B(X0) Z(Na) (16 /K2 ) A2 (PRECE) ) ).
Nonlinear radial envelope equations.

The spontaneous generation of radial modulation in the fast ion profiles are due to “zonal”
fast ion response8Hg, and are accompanied by frequency splitting of EPM spectral lines
0 By /B. For strong modulations, the scaling becorags] (5Bg /B)%/2 [2]. Once the “zonal”
respons®HEg; is computed, fast ion transport equations are readily derived [2, 5, 6]. Fast par-
ticle nonlinearities enter in Eq. (3) via the last term on the I.h.s., thralgx O oL OHE,
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computed from Eq. (4). This term describes “hole-clump” dyies in phase space [11], when
separation of nonlinear time scales applies, but, more generally, it accounts for phase space
structure formation where equilibrium geometry and wave-particle resonances play a major
role [4, 5, 6, 12]. Resonant particles are more efficiently scattered (than nonresonant parti-
cles) out of the resonance region and dictate the characteristic non-linear time sgaling
|Ao| 1 [4, 5]. This can be seen from Eq. (7), Whe@f";”) ~ —ig for resonant particles; mean-
while, w, ~ —id. Thus, the nonlinear propagator structure demonstrates radial particle motion
with characteristic velocity] |Ag|, consistent with the Mode Particle Pumping process [13],
introduced originally for energetic particle transport due to fishbones.

Nonlinear partial differential equations (PDE) for the slow radial and time evolution of the
EPM and sideband radial envelopes can be derived within this approach. The EPM radial enve-
lope equation can be put in the form of a complex Ginzburg-Landau equation [5]

. | dZDR/akrz 2 2 2 2
(at‘l"f*b'i‘émag)p‘o—_'LNLﬁ{ (VL|AO| )AO ) (8)
whereé =r —vgt, Vg is the EPM radial group velocity,n. is a nonlinear characteristic scale-

length andy_ the energetic particle drive; while nonlinear sideband envelope equations are

D07 (AAL) = —ivi (2AA: +AA-)
D97 (AoA) = iy (AGAL +2R0A ) , ©)

whereD.. are the linear EPM sideband dispersion functi@hs~ [d(Dr+iD;)/dwo|(Fid:) —
(0Dr/dwp)AL andD; is the imaginary part of the EPM dispersion function.
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