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Introduction.

We adopt the 4-wave modulation interaction model, introduced by Chen et al [1] for analyz-

ing modulational instabilities of the radial envelope of Ion Temperature Gradient (ITG) driven

modes in toroidal geometry, extending it to the modulations on the fast particle distribution

function due to nonlinear Alfvénic mode dynamics, as proposed in Ref. [2]. In the case where

the wave-particle interactions are non-perturbative and strongly influence the mode evolution,

as in the case of Energetic Particle Modes (EPM) [3], radial distortions (redistributions) of the

fast ion source dominate the mode nonlinear dynamics. In this work, we show that the resonant

particle motion is secular with a time-scale inversely proportional to the mode amplitude [4]

and that the time evolution of the EPM radial envelope can be cast into the form of a nonlinear

Schrödinger equation a la Ginzburg-Landau [5, 6].

Long time-scale fast ion nonlinear behaviors.

Three dimensional gyrokinetic simulations show evidence of radial fragmentation of a sin-

gle n (toroidal mode number) coherent EPM [2, 5, 6]. This radial fragmentation suggests the

excitation of low frequency axisymmetric perturbations, for which a nonlinear mechanism is

necessary, in analogy with the modulational instability of a single toroidal drift wave [1], where

toroidal geometry plays a crucial role [4, 5, 6].

The generalization to e.m. fluctuations [7] of the 4-wave modulation interaction model, in-

troduced by Chen et al [1], is based on the description of the nonlinear dynamics of a singlen

Alfvén Eigenmode (AE) or EPM given by a “pump”(0) mode, which interacts with a “zonal”

toroidally and poloidally symmetric mode generating(±) sidebands: i.e.,

δφ0(pump) = ei
∫

nθkdq+inϕ ∑
m

e−imϑ δφm + c.c

δφz(zonal mode) = ei
∫

Kzdrδφz + c.c.
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δφ±(sidebands) =





ei
∫

nθkdq

e−i
∫

nθ∗
k dq



e±inϕ+i
∫

Kzdr ∑
m

e∓imϑ δφ(±)
m + c.c. (1)

with δφEPM = δφ0 + δφ+ + δφ− + c.c. and similarly for the parallel vector potential. Here,

we have used(r,ϑ ,ϕ ) straight field line toroidal flux coordinates,q is the safety factor,θk =

kr/(nq′) is the normalizedk of the EPM radial envelope,m is the poloidal mode number and

other symbols are standard. Given the strong zonal current screening by electrons on the colli-

sionless skin depth,δe = c/ωpe, the nonlinear equation forδA‖,z is δ j‖i,z +δ j‖e,z ≃ δ j‖e,z ≃ 0.

This readily yieldsω/(k‖c)(δA‖,z/δφz)≈ k2
⊥δ2

e ≪, i.e.δA‖,z can be considered a passive scalar,

which weakly influences the mode dynamics [7]. Introducingb · ∇ δψ ≡ −(1/c)∂tδA‖, pump

EPM and sidebands obey the following nonlinear quasineutrality and vorticity equations [7]

ne2

Ti

(

1+
Ti

Te

)

δφk =
〈

eJ0δH i

〉

k
−
〈

eδHe

〉

k
(2)

Bb · ∇
(

−∇ 2
⊥

b · ∇ δψ
B

)

+
ω2

v2
A

(

1−
ω∗pi

ω

)

(

−∇ 2
⊥δφ

)

−
4π
c2 ∑

s
〈eωωdJ0δHk〉 =

=
b · (k′′

⊥×k′
⊥)

cB
∂t

(

δA‖,k′ ∇ 2
⊥δA‖k′′ −

c2

v2
A

δφk′ ∇ 2
⊥δφk′′

)

(3)

wherevA is the Alfvén speed,ω∗pi the thermal ion diamagnetic frequency,ωd the magnetic drift

frequency, angular brackets indicate velocity space integration andk = k′+k′′. Furthermore,∑s

in Eq. (3) indicates summation on all thermal and energetic particle plasma species,J0 = J0(λ )

(λ = k⊥v⊥/ωc) is the Bessel function accounting for finite Larmor radius effects, andδHk

satisfies the nonlinear gyrokinetic equation [8]

(

∂t + v‖b · ∇ + iωd
)

k
δHk = i

e
m

QF0J0(λ )δLk −
c
B

b ·
(

k′′
⊥×k′

⊥

)

J0(λ ′)δLk′δHk′′ , (4)

with δLk = δφk − (v‖/c)δA‖k, QF0 = 2ωk∂F0/∂v2 + k · b̂× ∇F 0/ωc and where, as usual, the

perturbed particle distribution function has been decomposed asδF = 2(e/m)δφ∂F0/∂v2 +

∑k⊥
exp
(

−ik⊥ ·v× b̂/ωc
)

δHk, F0 being the equilibrium particle distribution function. Finally,

the evolution of the zonal modeδφz is given by [7]

∂tχizδφz = (c/B)kϑ KzK
2
z ρ2

Li

[(

α0−
∣

∣k‖vA/ω0
∣

∣

2
)

〈〈

|Ψ0|
2〉〉+2α0IRe〈〈(Φ0−Ψ0)

∗Ψ0〉〉

+α0
〈〈

|Φ0−Ψ0|
2〉〉](A∗

0A+−A0A−) . (5)

Here,χiz ≃ 1.6q2K2
z ρ2

i /(r/R0)
1/2 [9], R0 is the torus major radius,ρi = (Ti/mi)

1/2/ωci is the

ion Larmor radius,α0 ≡ 1+δP⊥i0/(neδφ0) [7], (δφk,δψk) = Ak(φ0(n0q−m),ψ0(n0q−m)),

with k = (0),(±), (Φ0(θ),Ψ0(θ)) = (2π)−1/2∫ ∞
−∞ exp[i(n0q − m)θ](φ0(n0q − m),ψ0(n0q −
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m))d(n0q−m) and〈〈...〉〉=
∫ ∞
−∞(...)dθ. Thus,Φ0(θ) andΨ0(θ) representδφk andδA‖k paral-

lel mode structures, respectively, whileA0 andA± the amplitudes of pump and sideband fluctu-

ations. Equation (5) demonstrates the exact cancellation of zonal flows and currents for a pure

shear Alfvén wave, for which the r.h.s. of Eq. (3) also vanishes identically.

Thermal particle nonlinearities enter both Eqs. (2) and (3). In Eq. (3), thermal particle non-

linearities are dominated by r.h.s., while fast particle nonlinearities enter via the ballooning-

interchange term only (last on the l.h.s.), since they carry pressure but not inertia [2]. Similarly

to e.s. case [1], Eqs. (2) to (5) allow the spontaneous excitation of zonal flows via modulational

instability of the radial envelope of drift Alfvén waves and AE/EPM [7, 10]. This is the domi-

nant nonlinear dynamics for weak instability drive [5, 6]. For strong unstable conditions, typical

of EPM excitations above threshold, nonlinear evolutions are predominantly affected by spon-

taneous generation of radial modulations in the fast ion profiles [2, 5, 6]. It can be shown that

these radial modulations are spontaneously produced with a nonlinear growth rateΓz ∝ δBϑ /B

and a corresponding frequency shift (line splitting)∆z ∝ δBϑ /B, where [2]

ωz = ∆z + iΓz = ±31/4e±iπ/4|∆L∂DR/∂ω0|
−1/2γM ,

γ2
M = 2π2

(
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)
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E
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J2
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2v2
E

+
v2
‖
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E

)4〉

, (6)

with DR the real part of the EPM dispersion function,∆L = (nq′)2(∂2DR/∂k2
r )(∂DR/∂ω0)

−1

[1−cos(Kz/nq′)] is the linear frequency shift due to radial modulations,∆′ is the Shafranov

shift,nE , TE andeE the energetic particle density, temperature and electric charge,v2
E = TE/mE ,

ωA = vA/qR0, Λ0 is a measure of EPM continuum damping,λz ≡ Kzq(v2
⊥/2+ v2

‖)/(ωciv‖) and

λd ≡ k⊥q(v2
⊥/2+ v2

‖)/(ωciv‖). The (inverse) linear propagator,L
(lin)
ℓ,σ , is readily obtained from

the (inverse) nonlinear propagator expression

Lℓ,σ = (v‖/qR0)(ℓ+Λ0+σ/2)−ω0 +(k2
ϑ c2/B2)K2

z J2
0(λz)(Mℓ,σ/ωz)

(

|A+|
2+ |A−|

2) , (7)

whereMℓ,σ = (1/2)(|ω2
0/ω2

A −1/4|+σ |Λ0|)
〈〈

J2
0(λ0)J2

ℓ (λd)(k2
ϑ /k2

⊥)ℓ2v2
‖/(q2R2

0ω2
0)
〉〉

.

Nonlinear radial envelope equations.

The spontaneous generation of radial modulation in the fast ion profiles are due to “zonal”

fast ion responsesδHEz and are accompanied by frequency splitting of EPM spectral lines

∝ δBϑ /B. For strong modulations, the scaling becomesωz ∝ (δBϑ /B)2/3 [2]. Once the “zonal”

responseδHEz is computed, fast ion transport equations are readily derived [2, 5, 6]. Fast par-

ticle nonlinearities enter in Eq. (3) via the last term on the l.h.s., throughδHkE ∝ δLk′δHEz
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computed from Eq. (4). This term describes “hole-clump” dynamics in phase space [11], when

separation of nonlinear time scales applies, but, more generally, it accounts for phase space

structure formation where equilibrium geometry and wave-particle resonances play a major

role [4, 5, 6, 12]. Resonant particles are more efficiently scattered (than nonresonant parti-

cles) out of the resonance region and dictate the characteristic non-linear time scalingτNL ∝

|A0|
−1 [4, 5]. This can be seen from Eq. (7), whereL

(lin)
ℓ,σ ≃−i∂t for resonant particles; mean-

while, ωz ≃−i∂t . Thus, the nonlinear propagator structure demonstrates radial particle motion

with characteristic velocity∝ |A0|, consistent with the Mode Particle Pumping process [13],

introduced originally for energetic particle transport due to fishbones.

Nonlinear partial differential equations (PDE) for the slow radial and time evolution of the

EPM and sideband radial envelopes can be derived within this approach. The EPM radial enve-

lope equation can be put in the form of a complex Ginzburg-Landau equation [5]
(

∂t + iω0 +
i
2

∂2DR/∂k2
r

∂DR/∂ω0
∂2

ξ

)

A0 = −iL2
NL∂2

ξ

(

γL |A0|
2
)

A0 , (8)

whereξ = r−vgrt, vgr is the EPM radial group velocity,LNL is a nonlinear characteristic scale-

length andγL the energetic particle drive; while nonlinear sideband envelope equations are

D+∂2
t (A∗

0A+) = −iγ2
M (2A∗

0A+ +A0A−) ,

D−∂2
t (A0A−) = iγ2

M (A∗
0A+ +2A0A−) , (9)

whereD± are the linear EPM sideband dispersion functions,D± ≃ [∂ (DR± iDI)/∂ω0](∓i∂t)−

(∂DR/∂ω0)∆L andDI is the imaginary part of the EPM dispersion function.
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