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Abstract

We study the influence of stochastic magnetic fields on ion diffusion, using a drift ap-

proximation in slab geometry, and applying a stationary stochastic magnetic field on top of

a uniform background field. The stochastic magnetic field follows a Gaussian in its distri-

bution function, and it obeys a prescribed auto-correlation function with given correlation

length. The running diffusion coefficients of the ions are determined with the use of test-

particle simulations in the three dimensional environment, for different levels of turbulence

(varying Kubo number). The results of the test-particle simulations are compared to and

used to validate the results as obtained for the same physical system by the semi-analytical

Decorrelation Trajectory (DCT) method.

Introduction

Turbulence induced stochastic magnetic fi elds perturb the regularly nested magnetic fi eld

structures in toroidal confi nement devices, they thus open new channels through which particles

can potentially be transported and possibly give rise to enhanced or even anomalous particle dif-

fusion. The resulting particle transport can be expected to depend on the level of the stochastic

perturbations and on their spatial correlations. Here, we investigate the influence of the former

on transport by performing test-particle simulations in numerically generated stochastic mag-

netic fi elds, from which we determine the running diffusion coeffi cients. The stochastic fi elds

are generated (i) with prescribed Gaussian distribution of varying standard deviation, and (ii)

with prescribed spatial auto-correlation of Gaussian shape and fi xed correlation length, and they

are superimposed on a strong and uniform background magnetic fi eld.

The results of the test-particle simulations are also compared to and used to validate the

results as obtained for the same physical system by the semi-analytical Decorrelation Trajectory

(DCT) method.
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The set-up

We consider a slab geometry, where the magnetic fi eldB is assumed to have a strong back-

ground componentB0 in theZ-direction (in Cartesian coordinatesX , Y andZ), and stochastic

components in the perpendicular direction,

B(X; Z) = B0{eZ +βbX (X; Z)eX +βbY (X; Z)eY} , (1)

with the dimensionlessβ determining the strength of the perturbations,bX andbY the normal-

ized stochastic fi elds, andX = (X ,Y).

In the parallel direction, we assume the particles to move as

dZ
dt

= V||, (2)

whereV|| is the parallel velocity, and, for simplicity, we assumeV|| to be constant and to equal the

thermal velocityVth. TheZ coordinate thus plays a dummy role, and we use it in the following

instead of timet. We furthermore normalize the spatial coordinates with the correlation lengths

λi, i = X ,Y,Z (defi ned below),x := X
λX

, y := Y
λY

, z := Z
λZ

.

For a stationary magnetic fi eld, the linearized guiding center equations of motion in the per-

pendicular direction can be written as (see Refs. [1], [2])

dx(z)
dz

= Kmbx (x;z)−Kdr
∂by (x;z)

∂ z
, (3a)

dy(z)
dz

= ΛKmby (x;z)+ΛKdr
∂bx (x;z)

∂ z
, (3b)

whereKm = β λX
λZ

is the magnetic Kubo number,Λ = λX
λY

the stochastic anisotropy parameter,

Kdr = β Vth
ΩλX

the drift or thermal Kubo number, andΩ = eB/mc the gyro-frequency. The sys-

tem of equations is numerically integrated with a fourth order Runge Kutta, adaptive step-size

scheme.

The running diffusion coeffi cients for the motion of the ions in the magnetic fi eld are deter-

mined as

Dx (z) =
〈(x(z)− x(0))2〉

2z
, Dy (z) =

〈(y(z)− y(0))2〉

2z
, (4)

where the averaging is taken over a large number of test particles.

The stochastic magnetic field

The spatial auto-correlation functionM of the stochastic partAS = (0,0,Az) of the vector

potential is assumed to factorize,

M(X ,Y,Z) = MX(X)MY (Y )MZ(Z), (5)
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and to be of Gaussian shape for each of the coordinates,

MX(X) ∝ exp

(
−

X2

2λ 2
X

)
, MY (Y ) ∝ exp

(
−

Y 2

2λ 2
Y

)
, MZ(Z) ∝ exp

(
−

Z2

2λ 2
Z

)
, (6)

whereλi, i = X ,Y,Z, are the correlation lengths in theX , Y , andZ direction, respectively.

To construct the vector potentialAz itself, we make use of the Wiener-Khinchine theorem.

We fi rst Fourier transformM(X ,Y,Z), which yieldsM̂(kX ,kY ,kZ), and the Fourier transform̂AZ

of AZ is then given as

ÂZ =
∣∣M̂(kX ,kY ,kZ)

∣∣1/2
exp(iϕkX ,kY ,kZ ), (7)

with the phasesϕkX ,kY ,kZ chosen uniformly random in[0,2π], and from whichAZ is determined

by Fourier back-transformation. Derivatives ofAZ are also calculated via Fourier space, e.g.

∂X AZ is calculated as the back-transform of̂∂X AZ = ikX ÂZ, and likewise for higher order deriva-

tives.
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Figure 1: A typical ion trajectory,

projected into thex-y plane.

In this way, the magnetic fi eld (bX ,bY ) =

(∂Y AZ,−∂X AZ) and its derivative with respect toZ

are determined on a 3-dimensional grid. We use natural

dimensional coordinates(X ,Y,Z) in the construction

of the grid, so that e.g.bx(x,y,z) = bX(λX x,λY y,λZz).

The grid-size in each direction is such that it contains

several correlation lengths. The values ofbX (X ,Y,Z) and

bY (X ,Y,Z) for points(X ,Y,Z) in-between the grid-sites

are calculated by linearly interpolating the magnetic fi eld

components at the nearest grid-sites.

The magnetic fi eld components obey Gaussian distri-

butions, as a consequence of the central limit theorem,

and their standard deviations,σbX andσbY , are enforced to be equal to one.

By construction, the magnetic fi eld is periodic in all three directions, and particles leaving

the simulation box are re-injected at the plane opposite to the one through which they leave.

Results

The parameter values we use areVth/Ω = 0.3m for the Larmor radius,β = 10−2 for the

strength of the magnetic perturbations, and for the values of the correlation lengths we assume

λX = λY = 10−2m andλZ = 1m, so thatKm = 1, Λ = 1, andKdr is varied in the range[0, 0.6].

The stochastic magnetic fi eld is generated on a grid with 643 grid-points, with a grid-spacing

such that the grid-size equals 9 correlation lengthsλi in each direction.
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Figure 2: The running diffusion coeffi cientsDx(z) (left panel) andDy(z) (right panel) as a

function ofz, for different values ofKdr.

A typical trajectory is shown in Fig. 1. The running diffusion coeffi cients are calculated

according to Eq. (4), and they are shown as a function ofz and for different values ofKdr

in Fig. 2 (for 106 test particles in 103 different samples of the magnetic fi eld.). They decrease

from 0.55 to 0.5 whenKdr increases from 0 to 0.6, the diffusive process thus slows down when

either the Larmor radius or the strength of the magnetic perturbation increases. With the DCT

method, the respective diffusion coeffi cients are found to lie between 0.6 and 0.7, they though

increase with increasingKdr, and they reach the asymptotic state earlier, approximately atz = 3

(see [1]).

Conclusion

We considered ion diffusion in a magneto-static, perturbed magnetic fi eld environment, and

we fi nd that diffusion is of normal nature. The diffusive process slows down with both, increas-

ing strength of the magnetic perturbation, and increasing mass of the ions considered, respec-

tively. The values of the diffusion coeffi cients coincide within 20% with the results yielded by

the DCT method, we fi nd though a different scaling of the diffusion coeffi cient with the ther-

mal Kubo number.
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