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Radial propagation of geodesic acoustic modes
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Introduction

Geodesic acoustic modes (GAMs) are axisymmetric poldidalB flows with finite fre-
quencies of ordex/2cs/R (with sound speeds) coupled to up-down-antisymmetric pressure
perturbations, which provide the restoring force of the oscillation.

In recent works on radially propagating GAMs no general rules for the direction and speed
of GAM propagation have been given [1, 2, 3, 4]. The propagation of GAMs may be crucial
for the radial windows of GAM activity observed in ASDEX Upgrade [5] or DIII-D [6] and the
match between linear theory and experimental GAM frequencies [7].

Since the energy contained in a wave packet is transported with its group velocity, one can
calculate the group velocity of a GAM by compairing its total energy to its energy flux (Poynt-
ing flux). This provides a powerful tool for determining the direction and speed of GAM prop-
agation, which is more general than the quite complicated direct calculation of the dispersion

relation, and even allows predictions for single-null configurations.

The energy approach

We demonstrate the basic concepts of our method using the two-fluid equations for cold ions
and infinite safety factog. For details including the gyrokinetic treatment see Ref. [8]. The
units are chosen such that the magnetic drift velocity is unity. Demsitgmperaturel; andTg,
and electric potential perturbatiogsare normalized t@*ng, p*Tojj /e, pP*Toe/€ respectively,
where the subscript O indicates the corresponding background valye aagse/R with the
major torus radiuR, Cse = (Te/mi)l/z, andpse= (MiCse) / (eB). The time scale i = R/(2Cse)-
Flux-surface averaging is indicated hy. ).

Since the unperturbed equilibrium minimizes the free energy, it is always second order in the

fluctuations. In the chosen framework, the free energy functional [9] is given by
P (Og)?
E%ﬂ&+5%=<§+(?) , @

whereE andE; are the electron and the ion free energy density, respectivgl®,is the energy

of the electron density perturbations, afidg,)?2/2 the ion kinetic energy. The ion density
fluctuations obey
n—Ap—Co=0, (2)
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whereC = —V4-0and Vy = —(1/2)(k + ROINB) x b is the sum of the curvature ardB-
drifts of the electron density fluctuation&g the divergence of the polarization currebt=
§/B, andk = K /k. The electrons are assumed to be adiabatic

n=q¢— @, <n>:O7 3

because the GAM frequency is much smaller than the electron bounce and transit frequencies.
By combining (1), (2), (3), and representing the time derivativeEf as the divergence of a
radial Poynting flux one obtains

0t<E>:—<D-§>:<—D-(Vgnz)+D-(nDh)>. 4)

The termV4n?/2 represents the flow of the energy of electron pressure perturbations in ion

magnetic drift direction. The second term is the polarization energy flux.

The free energy and the Poynting flux, Egs. (1) and (4), can be evaluated in Fourier space
for a circular high aspect ratio magnetic geometry by calculating the second ordg) &p-
proximations of the density perturbations with the help of (2). The GAM frequenigy-a0 is
w = 2-12, Inserting the frequency and the density approximations into (1) and (4) one obtains
for the radial group velocity (S) K

Vg7r:<?>z—m. (5)
implying that group and phase velocities are antiparallel for cold ions. The derivation of this
result via the dispersion relatian(k; ) would require corrections to the density to higher order
in k; than the energy approach. The validity of (5) is limitedkte« 1, because for higher wave
numbers the mode loses the character of a GAM due to resonances with other modes.

In case of arbitrary ion to electron temperature ratand finite safety factorg, the Poynting
flux of the GAM consists of the magnetic drift and the polarization flux supplemented by FLR
correction terms. There exists a critical valuerofr ~ 0.2) above whichvg is parallel to the
phase velocity. Due to damping by resonant sound waves, GAMs are restricietl 3o The
analytical results have been verified using the two-fluid code NLET [10] and the gyrokinetic
code GYRO [11].

Geometry effects

Let us now turn to the effects of plasma shaping on the Poynting flux. Assuming, for simplic-
ity, cold ions, infinite safety factor, and neglecting the polarization drift, one can approximate
Eq. (2) atd = +71/2 (where k , Vg, andvy, are parallel):

2ve _ 2Vg
(w—kvar)R Rk (Vp—vay)’

n~

(6)
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in whichve =k @ is theE x B-drift velocity. Fork, < 1, equivalent tayp > vy, EQ. (6) implies

2
2 g

n~ =~

2V, r 2\ 4vE 2 Nkrvﬁ 2
<1+ - ),<n>~m,<v¢rn>~7<n>, @)

Vg,r being the radial component of . Accordingly, the radial Poynting flux (4) can be estimated
by ,

(S) ~ %<n2>—krw<n2>. (8)
Since(E) ~ (n?) andvy = 1 in the units defined above, the group velocity is of or@éx|.
Thus, GAM propagation is generally much slower than turbulent motions and magnetic drifts,
because in physical unitg is of orderO(kr psevy) < O(vy) < O(Vgia)-

The Poynting flux has been estimatedat +11/2, but experimentally the radial wavenum-
ber is usually known at the outboard midplane, wheres smaller due to, e.g., ellipticity or
Shafranov shift. Incorporating correction termskpand the geometry dependence of the GAM
frequency ak, = 0 [7], we obtained an estimate of the group velocity at the outboard midplane
(in the units defined above) for elliptic Miller geometries [12]

0.65+2.120K +1.950Kk2 + 0.640k3
0.32+2.150K +5.310k2 +5.540k3 + 2 Ok4

Vgr (K) =~ Ko 9)

with kg being the wavenumber at the outboard midplane; 1+ dk the plasma elongation,
ork = (k —1)/r, Shafranov shiftyR= —1/3,q = 3, aspect ratid\ = 3.5 andr = 1 (for details
see. [8]).

Single-null configuration

In single-null configuration near the separatrix, the perturbations vanish at the X-point (which
here is assumed to be at the bottom) due to the magnetic null, and the density perturbations are
concentrated opposite to the X-point. Consequently, the drift energy f(u&ﬂaz)/z ~Vg(n?),
andvg ~ vq (at the top), while the polarization energy flux is one order smaller and can be
neglected. Hence, independent of the ion temperature, the energy of the density perturbations
propagates in the ion magnetic drift direction, which is usually directed towards the X-point.
Therefore, GAMs propagate radially inward. The group velocity at the outboard midplane in
elliptic Miller geometry is therefore given by

ke 1+4R
%Vd - 2K_1Vd7

(10)

wherek; is the wavenumber at the top adgR the differential Shafranov shift. We have ana-
lyzed up-down asymmetric magnetic geometries employing Miller type equilibria [12] with the
modificationZ(r) = Zp(r) — Kr sin(0) to verify our predictions using the NLET two-fluid code.
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The up-down asymmetry of resulting from
0:Zo # 0 leads to a non-vanishing magnetic drift 08

energy flux<vd7rn2> atk, =0, which determines; 0.6

en

the group velocity. Since the geometry-induced -

fre

energy transport is always parallel g, the

GAM dispersion is slightly shifted compared to

the up-down symmetric case as shown in Fig. 1. o0
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Figure 1: NLET computed log-color-coded

We have demonstrated, how estimates fng spectrum fort = 0, q — o, &Zo =
— Y, » Ur -

the radial group velocity of GAMs can be ObC).S; approximate (2nd order k) frequency

N UPdashed) fod Zo = 0. FordiZg > 0, the flux-
down symmetric magnetic geometrieg, is

tained exploiting Poynting’s theorem.

surfaces distance is smaller at the bottom than
smaller than the magnetic inhomogeneity drift,t

at the top, leading tgy < 0 atk, = 0.

whereas in up-down asymmetric geometries —

e.g. single-null configuration — it can be of the same order. In both cagésmuch smaller

than the diamagnetic velocity. While Refs. [1, 2, 3, 4] observe GAMs to propagate radially
outward, our theory predicts inward propagation in case of cold ions and outward propagation
for warm ions. In symmetric configurations the propagation direction is determingtbbgl

cutoff effects induced by e.g. temperature gradients, whereas in up-down asymmetric geometry

it depends only on the curvature drift direction, i.e. local effects.
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