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A theoretical method for describing the fast-ion transport in a presence of electric and

magnetic fluctuations is presented. In this paper we concentrate only on the beam-induced

parallel current, although this method can be applicable to the number density and the

energy density of fast ions.

Let us write a gyrophase-averaged distribution function for fast ions as f(r, v, t) and

start with a Fokker-Planck equation for this distribution function in a presence of fluctu-

ations:

∂tf + v‖b · ∇f + δv⊥ · ∇⊥f − C(f) =
ṅb

2πv2
δ(v − vb)Θ(ζ) ≡ S(r, v), (1)

where the subscripts ‖ and ⊥ refer to the parallel and the perpendicular to a constant

averaged-magnetic-field B; b = B/B; v‖ = v · b; ζ = v‖/|v‖|; v = (v, ζ); δv⊥ is the

velocity fluctuation ;and S represents a monoenergetic fast-ion source term. We write the

velocity fluctuations as δv⊥ = b × ∇δφ(r, t)/B for electrostatic fluctuations and δ⊥v =

v‖δB⊥/B ≡ v‖δb⊥(r, t) for magnetic fluctuations, where δφ is the fluctuating electrostatic

potential and δB⊥ is the fluctuating perpendicular magnetic field. The Coulomb collision

operator C is approximated by the slowing-down term and the pitch-angle-scattering

term:
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1

τs

1

v2

∂

∂v

[

(v3 + v3

c )f
]

+
Ẑ

2τs

v3
c

v3

∂

∂ζ
(1 − ζ2)

∂f

∂ζ
(2)

with the critical velocity vc, the slowing-down time τs and Ẑ =
∑

i nie
2
i lnΛi/ (

∑

i nie
2
i mb

lnΛi/mi), where the subscripts i and b denote the bulk and fast ions, respectively.

A closed set of equations for an ensemble-averaged distribution function and a response

function to an infinitesimal external perturbation is derived by applying a renormalized

perturbation theory to the Fokker-Planck equation (1) [1]. In the steady state the equation

for the ensemble-averaged distribution function f̄(r, v) = 〈〈f(r, v, t)〉〉 becomes

(v‖b · ∇ − C)f̄(r, v) −∇⊥ ·
∫

dv
′
D(v′, v) · ∇⊥f̄(r, v′) = S(r, v) (3)

with D(v′, v) =
∫ ∞

0
dτ

∫

dr
′
F (r′, τ, v, v′)G†(r′,−τ, v′; v), where 〈〈 · 〉〉 denotes the

ensemble average over fluctuations, G†(r′,−τ, v′; v) is the response function, F (r−r
′, t−

t′, v, v′) = 〈〈δv⊥(r, v, t)δv⊥(r′, v′, t′)〉〉 is the correlation function of fluctuations.
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Next, averaging the equation (1) over y and z and denoting this average by 〈 · 〉, we

obtain

−C(f̄(x, v)) − ∂2

∂x2

∫

dv
′Dx(v

′, v)f̄(x, v′) = S(x, v), (4)

where f̄(x, v) = 〈f̄(r, v)〉, S(x, v) = 〈S(r, v)〉 and Dx(v
′, v) = ex·D(v′, v)·ex. Let us now

introduce the function ϕ(v) = eb ζ [(v3 + v3
c )/v

3]Ẑ/3
∫ v

0
dv′[v′3/(v′3 + v3

c )]
Ẑ/3+1 ≡ eb ζ ϕ̂(v),

which is the solution to the equation C†(ϕ(v)) = −ebv‖/τs. Using this function and (4),

we express the parallel current density Jb(x) of fast ions in the form:

Jb(x) = Jb0(x) + τs
d2

dx2

∫

dv A(v)f̄(x, v), (5)

where A(v) =
∫

dv
′ϕ(v′)Dx(v, v′) and Jb0(x) = τs

∫

dv ϕ(v)S(x, v) is the parallel cur-

rent density in the absence of fluctuations. Furthermore, introducing the function χ(v)

satisfying the equation C†(χ(v)) = A(v) and denoting the relation
∫

dv A(v)f̄(x, v) =
∫

dv χ(v)C(f̄(x, v)) � −
∫

dv χ(v)S(x, v), we present the following diffusion equation for

the parallel current density:

τsD
d2

dx2
Jb(x) − Jb(x) = −Jb0(x), (6)

where the diffusion coefficient is written as

D � −
∫

dv χ(v)S(x, v)

Jb0(x)
= −

∫

dv χ(v)S(x, v)

τs

∫

dv ϕ(v)S(x, v)
. (7)

We next explicitly calculate the diffusion coefficient by assuming the correlation func-

tions of fluctuating electrostatic potential and fluctuating magnetic field in the form:

〈〈δφ(r, t)δφ(0, 0)〉〉 = φ2
0F̂ (r, t) and 〈〈δb⊥(r, t)δb⊥(0, 0)〉〉 = −β2λxλy(∇ × ez)(∇ × ez)

F̂ (r, t) with F̂ (r, t) = exp
[

−|t|/τc − x2/2λ2
x − y2/2λ2

y − z2/2λ2

‖

]

.

For electrostatic fluctuations, the equation for the response function is approximately

solved in two regimes. The regime in which the diffusion term in this equation can be

neglected is referred to as the weak turbulent regime. When the collision term can be

neglected, we refer to as the strong turbulent regime. Then the diffusion coefficients in

the weak and strong turbulent regimes are obtained in the form:

D =
ξcλ

2
x

τs

∫

1

−1
dζ ζΘ(ζ) D(vb, ζ)

ϕ̂(vb)
∫

1

−1
dζ ζΘ(ζ)

(8)

with

D(vb, ζ) = ξc

∫ vb

0

dv′ v′2

v′3 + v3
c

∫ v′

0

dv̄
v̄2

v̄3 + v3
c

(

v̄3 + v3
c

v′3 + v3
c

)
1

3

τs

τc
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×R(vb, v̄)ϕ̂(v̄) exp

{

−1

2

[

τs

λ‖

ζR(vb, v
′)V (v′, v̄)

]2
}

(9)

for the weak turbulent regime, and

D(vb, ζ) =
1√
2

∫ vb

0

dv′ v′2

v′3 + v3
c

D(τ−1

ce ; a′)R(vb, v̄)ϕ̂(v′) (10)

for the strong turbulent regime, where ξc = φ̄0τs/λxλy with φ̄0 = φ0/B; R(v, v̄) =

[(v3 + v3
c )v̄

3/v3(v̄3 + v3
c )]

Ẑ/3
; V (v, v′) =

∫ v

v′
dv̄v̄3R(v, v̄)/(v̄3 + v3

c ); a′ = [(v3
b + v3

c )v
′3/(v′3 +

v3
c )v

3
b ]

Ẑ/3a with a = λxλyvb|ζ |/
√

2φ̄0λ‖; and D(τ−1
ce ; a′) = D(τ−1

ce )/[1 +
√

2/πa′D(τ−1
ce )]

with D(τ−1
ce ) = τce/(1 + τce) and τce =

√
2φ̄0τc/λxλy.

Similarly the diffusion coefficient due to the magnetic fluctuations in the collisionless

regime is obtained

D =
τmbλ

2
x

τc

∫

1

−1
dζ ζ |ζ |Θ(ζ) D(vb, ζ)

ϕ̂(vb)
∫

1

−1
dζ ζΘ(ζ)

(11)

with

D(vb, ζ) =
1

2
D(τ)

∫ vb

0

dv′ v′2

v′3 + v3
c

R(vb, v
′)2ϕ̂(v′), (12)

where τmb =
√

2vbτc/λ‖; and D(τ) = αD0/(α+D0) with τ = τmb|ζ |, α = βλ‖/
√

λxλy and

D0 = α2
√

πeτ−2

erfc (τ−1).

The parallel momentum transfer from fast ions to electrons in collisions induces an

electron return-current. Thus the resulting current density driven by fast ions is the sum

of the current density Jb(x) and the electron return-current density Je(x). When the effect

of fluctuations on the return current is neglected, we have Je(x) � −(Zb/Z)Jb(x) in the

uniform magnetic field , where Zb is the charge state for the fast ion, Z is the effective

charge for the bulk ions. In considering the fluctuation effect, we can derive the diffusion

equation similar to (6) for the return current.

The scalings of the diffusion coefficient in the various asymptotic regimes are shown in

tables 1 and 2. These asymptotic diffusion coefficients can be understood by a random walk

picture: D ∼ (δv⊥τd)
2/τd = (δv⊥)2τd, where δv⊥ = φ̄0/λx for electrostatic fluctuations;

δv⊥ = (δB⊥/B)v‖ = (λxα/λ‖)v‖ for magnetic fluctuations; and the decorrelation time τd

is the shortest time among τc, τs, λ2
x/D and λ‖/|v‖b| with v‖b = vbζb. The decorrelation

times in the asymptotic regimes are also shown in tables 1 and 2.

Up to here, our formulation is based upon the closed set of equations for the ensemble-

averaged distribution function and the response function that is derived by using the
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Table 1: Asymptotic forms of the diffusion coefficient D for electrostatic fluctuations in

the weak and strong turbulent regimes.

τd D(weak) τd D (strong)
|v‖b|τs

λ‖
� 1 τc � τs τc

τcξ2
cλ2

x

τ2
s

a � 1 τce � 1 τc
τcξ2

cλ2
x

τ2
s

τc � τs τs
ξ2
cλ2

x

τs
τce � 1 λx

δv⊥

ξcλ2
x

τs

|v‖b|τs

λ‖
� 1

|v‖b|τc

λ‖
� 1 τc

τcξ2
cλ2

x

τ2
s

a � 1 aτce � 1 τc
τcξ2

cλ2
x

τ2
s

|v‖b|τc

λ‖
� 1

λ‖

|v‖b|

ξ2
cλ‖λ2

x

|v‖b|τ2
s

aτce � 1
λ‖

|v‖b|

ξ2
cλ‖λ2

x

|v‖b|τ2
s

Table 2: Asymptotic forms of the diffusion

coefficient D for magnetic fluctuations.

τd D

α � 1 τmb|ζb| � 1 τc α2v2

‖bλ
2
xτc/λ

2

‖

τmb|ζb| � 1 λ‖/|v‖b| α2λ2
x|v‖b|/λ‖

α � 1 ατmb|ζb| � 1 τc α2v2

‖bλ
2
xτc/λ

2

‖

ατmb|ζb| � 1 λx/δv⊥ αλ2
x|v‖b|/λ‖

spatially local approximation. We fi-

nally discuss the spatially nonlocal

effect on the transport equation for

fast ions.

Without using the spatially lo-

cal approximation, the equation for

f̄(x, v) is obtained in the form:

−C(f̄(x, v)) − ∂2

∂x2

∫

dv
′

∫ ∞

−∞

dx′K(x − x′, v′, v)f̄(x′, v′) = S(x, v), (13)

where K(x − x′, v′, v) =
∫ ∞

0
dτ

∫

dy dz Fx(r − r
′, τ, v, v′)G†(r − r

′,−τ, v′; v). We here

approximately calculate the function K using the response function obtained in the spa-

tially local approximation, and furthermore we concentrate only on the parameter regions

a � 1 and τce � 1 for electrostatic fluctuations; and α � 1 and ατmb|ζb| � 1 for magnetic

fluctuations, where the spatially nonlocal effect is most important. Then repeating the

procedure leading to (6) yields the spatially nonlocal transport equation for the parallel

current density:

τs
d2

dx2

∫ ∞

−∞

dx′ D̃(x − x′) Jb(x
′) − Jb(x) = −Jb0(x), (14)

where D̃(x − x′) = D K̄(x − x′)/λx with

K̄(x − x′) =
1√
2π

∫ ∞

0

dτ
1

(1 + τ)3/2
√

τ
exp

[

−1 + τ

2τ

(x − x′)2

λ2
x

]

. (15)
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