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TRANSPORT EQUATIONS FOR FAST IONS IN
TURBULENT PLASMA

M. Taguchi

College of Industrial Technology, Nihon University ,Narashino 275-0005, Japan

A theoretical method for describing the fast-ion transport in a presence of electric and
magnetic fluctuations is presented. In this paper we concentrate only on the beam-induced
parallel current, although this method can be applicable to the number density and the
energy density of fast ions.

Let us write a gyrophase-averaged distribution function for fast ions as f(r,v,t) and
start with a Fokker-Planck equation for this distribution function in a presence of fluctu-
ations:
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o(v —0)0(¢) = S(r,v), (1)

where the subscripts || and L refer to the parallel and the perpendicular to a constant
averaged-magnetic-field B; b = B/B; vy = v - b; ( = v /|yy|; v = (v,(); dv_ is the
velocity fluctuation ;and S represents a monoenergetic fast-ion source term. We write the
velocity fluctuations as dv; = b x Viog(r,t)/B for electrostatic fluctuations and 6, v =
v 0B /B = v 0b, (r,t) for magnetic fluctuations, where d¢ is the fluctuating electrostatic
potential and d B is the fluctuating perpendicular magnetic field. The Coulomb collision
operator C' is approximated by the slowing-down term and the pitch-angle-scattering

term:
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with the critical velocity v,, the slowing-down time 7, and Z = Soimiern;/ (3, nietmy
InA;/m;), where the subscripts ¢ and b denote the bulk and fast ions, respectively.

A closed set of equations for an ensemble-averaged distribution function and a response
function to an infinitesimal external perturbation is derived by applying a renormalized

perturbation theory to the Fokker-Planck equation (1) [1]. In the steady state the equation

for the ensemble-averaged distribution function f(r,v) = ({f(r,v,t))) becomes
(va -V - C)f(ra ’U) -V, /dvl D(vla ’U) ) VL.]F(T’ vl) = S(’l", ’U) (3)

with D(v',v) = [ dr [dr' F(v',7,v,v" )G (v, —7,v;v), where (( - )) denotes the
ensemble average over fluctuations, GT(r', —7, v’; v) is the response function, F(r —r',t —

t',v,v") = ((dv, (r,v,t)0v, (', v 1'))) is the correlation function of fluctuations.
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Next, averaging the equation (1) over y and z and denoting this average by ( - ), we

obtain
—C(f(z,v)) — o /dv’Dw(v',v)f(:v,v’) = S(x,v), (4)

where f(x,v) = (f(r,v)), S(z,v) = (S(r,v)) and D,(v',v) = e,-D(v',v)-e,. Let us now
introduce the function p(v) = e, ¢ [(v3 + v3)/v3]%/3 Jo dV'[v?/(0" 4 v )23+ = ¢, ¢ B(v),
which is the solution to the equation CT(p(v)) = —eyv) /7. Using this function and (4),
we express the parallel current density J,(x) of fast ions in the form:

2

Jp(x) = Jpo(x )—l—Tsti /d'v A(v) f(z,v), (5)
where A(v) = [dv'o(v')D,(v,v') and Jy(z) = 75 [ dv o(v)S(z,v) is the parallel cur-
rent densfcy in the absence of fluctuations. Furthermore, introducing the function x(v)
satisfying the equation CT( (v)) = A(v) and denoting the relation [ dv A(v)f(z,v) =
[ dv x(v)C(f(z,v)) ~ — [ dv x(v)S(x,v), we present the following diffusion equation for
the parallel current den81ty:

2

o)) % To() = Jy(x) = — (), (6)

where the diffusion coefficient is written as

[ dv x(v)S(z,v) _ [ dv x(v)S(z,v)
Jyo(x) 75 [ dvp(v)S(z,v)’

We next explicitly calculate the diffusion coefficient by assuming the correlation func-

D~ —

(7)

tions of fluctuating electrostatic potential and fluctuating magnetic field in the form:
((0p(r,1)d0(0,0))) = qﬁgﬁ(r,t) and ((6b (r,1)db1(0,0))) = =X\, (V x €,)(V X e,)
F(r,t) with F(r,t) = exp | —[t| /7 — 2?/2\2 — y?/2)2 — 22 /23

For electrostatic fluctuations, the equation for the response function is approximately
solved in two regimes. The regime in which the diffusion term in this equation can be
neglected is referred to as the weak turbulent regime. When the collision term can be
neglected, we refer to as the strong turbulent regime. Then the diffusion coefficients in

the weak and strong turbulent regimes are obtained in the form:

e2 [1dCCOC) D(uy, €)
T @u) [1dCCOW)

17s

vy 2 v —2 —3 3\ 3.

v U V7t v c
! — C
D(w, ) ch/ dv'—s 3/ dv— 3\ 3 3
0 v +UC 0 v +UC v +UC

D=

(8)

with
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for the weak turbulent regime, and
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for the strong turbulent regime, where & = ¢o7,/A A, With ¢y = ¢o/B; R(v,0) =
(08 + 02)5 /35 + )75 V(0,07) = [ ot Riv, 5)/ (0% + 03); o = [(0} + 020/ (0" +
v 8230 with a = A Ayl C|/ V200N and D(r.Ya’) = D(7.Y)/[1 + /2/md' D(1..Y)]
with D(7.') = 7ee /(1 + Tee) and 7. = ﬂQEOTC/Az)\y.

Similarly the diffusion coefficient due to the magnetic fluctuations in the collisionless

regime is obtained :
D= 7—mb/\i flAdCC‘CL@(C) D(Uba C) (11)
Te @) [, dCCO(C)

with
12

D €) = 5D(7) [ dv' o Rl (), (12)
where 7., = V20,7 /A; and D(7) = aDy/(a+ Dg) with 7 = 7,,,|C|, @ = B /1/ Ay and
Dy = a?/me™ " erfe (771).

The parallel momentum transfer from fast ions to electrons in collisions induces an
electron return-current. Thus the resulting current density driven by fast ions is the sum
of the current density J,(x) and the electron return-current density J.(x). When the effect
of fluctuations on the return current is neglected, we have J.(x) ~ —(Z,/Z)Jy(x) in the
uniform magnetic field , where Z, is the charge state for the fast ion, Z is the effective
charge for the bulk ions. In considering the fluctuation effect, we can derive the diffusion
equation similar to (6) for the return current.

The scalings of the diffusion coefficient in the various asymptotic regimes are shown in
tables 1 and 2. These asymptotic diffusion coefficients can be understood by a random walk
picture: D ~ (dvy74)%/74 = (6v1)%74, where dv, = ¢g/\, for electrostatic fluctuations;
dv, = (0B /B)vy = (Aza/\))vy for magnetic fluctuations; and the decorrelation time 74
is the shortest time among 7., 75, A2/D and \/|vjp| with vy, = v,(. The decorrelation
times in the asymptotic regimes are also shown in tables 1 and 2.

Up to here, our formulation is based upon the closed set of equations for the ensemble-

averaged distribution function and the response function that is derived by using the
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Table 1: Asymptotic forms of the diffusion coefficient D for electrostatic fluctuations in

the weak and strong turbulent regimes.
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Table 2: Asymptotic forms of the diffusion spatially local approximation. We fi-
coefficient D for magnetic fluctuations. nally discuss the spatially nonlocal
effect on the transport equation for

Td D
. fast ions.
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cal approximation, the equation for

f(z,v) is obtained in the form:

—C(f(x a%2/03'0 / do'K(z — 2/, v, v) f(2/,v') = S(x,v), (13)
where K(z — a/,v',v) = [[“dr [dydz F,(r —v',7,v,0" )G (r — v/, —7,v';v). We here
approximately calculate the function K using the response function obtained in the spa-
tially local approximation, and furthermore we concentrate only on the parameter regions
a < 1 and 7., > 1 for electrostatic fluctuations; and o > 1 and a7,,,5|(p| > 1 for magnetic
fluctuations, where the spatially nonlocal effect is most important. Then repeating the
procedure leading to (6) yields the spatially nonlocal transport equation for the parallel
current density:

Ts % /00 dz’ f)(x — ') Jy(2') — Jp(x) = —Jpo(), (14)

—0o0

where D(z — 2/) = D K (x — 2') /A, with

_1+T@—x¥}' (15)
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