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Abstract

The Rankine-Hugoniot jump conditions describe discomtirsusolutions to the MHD
conservation laws. Some of these connect a sub-Alfvénicstpar-Alfvénic region. These
solutions to the Rankine-Hugoniot conditions are callddrimediate shocks. We review

and derive limiting shock parameter values for the existesfdhese intermediate shocks.

The isotropical sound speed is the characteristic speedtédionary hydrodynamics and
the Prandtl-Meyer law states that every HD shock connectshaaic to a supersonic state.
In stationary magnetohydrodynamics, three highly antgmtal characteristic speeds exist. In
increasing order: the slow magnetosonic speed, the Alfp&ed and the fast magnetosonic
speed. A generalization to the Prandtl-Meyer law is thusstratightforward. It is well-known
[4] that a shock cannot connect two states with the samavelspeed magnitude compared
to the characteristic speeds. Shocks connecting a subslavetiperslow state are called slow
shocks, and shocks connecting a subfast to a superfastastatalled fast shocks. All other
shocks connect a sub-Alfvénic to a super-Alfvénic state aredcalledintermediate shocks.
The existence of these intermediate shocks is still undeatge(see [1] and references therein
for the main arguments). Inspired by [3], we investigate amahich parameter ranges the
Rankine-Hugoniot conditions, which describe discontumisolutions to the MHD equations,

allow for intermediate shocks.

Rankine-Hugoniot conditions and their solution
We recalled in [1] that in any frame in which the shock is swadiry (including the de
Hoffmann-Teller frame [2]), the plasma is completely detered by three dimensionless pa-

rameters: the plasma-bgta= f%tz’ the inclination to the shock normél= gﬁ and the Alfvén
n n

Mach numbeM = BEXEZ. Intermediate shocks are characterized by the fact thal an1

n
state connects to an unknown state which sati$figs: 1. Here we introduced mass density
velocity v, thermal pressur@ and magnetic field. The indexn refers to the direction of the

shock normal, and the indexefers to the direction in the shock plane tangential to tieck
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normal. Let us now define the shock invariant
£ = ((M2—1>e,2M2+B<1+ 62)+92,(y—y13+m2><1+ BZ)MZ) | (1)

The ratio of specific heatg is a constant equation parameter. In [1], we showed that the R
conditions simplify as

[[€]1=0, (2)
and the primitive variables can be recovered from the dinoehsss parameters. Hefgl| =
-1 — -2, Where index 1 refers to the upstream state and index 2 reféh® downstream state.

Let now a known statey = (3, 6, M) be given. We search the unknown statgs- (B, 64, My),
which can be connected tg by a stationary MHD shock.

The solution is given by

M, = \/(MZ_;—)Q—FQU, 3)
8, — [(y—1)((6 — 6u)*+ (1+ 62)B) — 4AM?] (M2 — 1) + 2M3(6 + 6,,) 6, @

(M2 —1)(y+1) (1+6,?)

wheref, can be found as the root of a cubic equal{i,) = Zf’zori GliJ andt; are polynomial
functions of(3, 6,M). Itis well known that a cubic has three different real salos if and only
if
Q = 2713 + 4T3 + 41210 — T217 — 181,11 Tp < O. (5)

Physical interpretation and visualisation of Q

It is well-known [4] that when only one real root exists, itncet lead to an intermediate
shock solution. Therefore an intermediate shock can onlst @henQ < 0. Moreover, in [1]
we argue that the surfaae = {(3,0,M)|Q = 0} in our 3-dimensional parameter state space
represents exactly the states which can be connected tdeavet@rev, equals one of the
characteristic speeds. Although this theory is generglptiaable (fory > 1), for the figures we
assume thay = % The left panel of Fig. 1 shows these characteristic spaete| = % cut
of the (B,68,M) parameter space. Aldestate regions are defined graphically. The right panel
shows the surface, which separates the regions where the RH allow for threlesiations,

from the regions where only one real solution exists.
Admissibility of solutions

There are three more physical restrictions for admiss$ybaf MHD shocks, namely:

e py > 0. The conservation of momentum makes sure that this condgitrivially satisfied,
when the normal velocities in both states have the same sign;



37" EPS Conference on Plasma Physics P1.405

2.0 ]
1.8 1
1-states 1 1 solution
1.6
1.5 14
2-states 1
1.2
1 3 solutions
M 10 M 10
Alfven | 3 solutions
0.8
0.6
0.5 3-states | .
' 04 - 1 solution
slow 0.2 _
4-states
0 T T T 1 0 T T T 1
0 05 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0
0 ]

Figure 1:Left: The(6,M) state plane foff = %) andy = % Shown are the curves fast; = vi,
Alfvén: v, = a, and slow:v, = vs. These curves separate th@ M) plane in the classical
12— 3—4 state regionsRight: Shown is the curveo. WhereQ > 0, only one real solution

to the RH conditions exists. Whefe < 0, the RH conditions allow three real solutions.

e py > 0. This condition is non-trivial. The graphical represéiata of this requirement is
shown in figure 2. In [1] we showed thatkfof the solutions lead to negatiyg, it are

exactly all thei-state solutions, with < k;

e Entropy should increase. This condition can be satisfiechbpsing the correct signs for
Vh. When the upstream state is iastate and the downstreamjatate, this condition is

equivalent toj > i (see e.g. [1] or [4]). In this case, the shock is called anj shock.

Regimesfor intermediate shocks
We are now ready to formulate our results. Both frames of Eighiow the3 = % cut of pa-

rameter space, where and the characteristic speeds are overplotted. Also, theatisurfaces
for positive unknown pressung, are plotted. In the coloured regions, the RH conditionsaallo
for intermediate shocks. The regions I, Il and Il allow fordé different shock solutions, the
regions IV and V allow for two shock solutions, the regionsavid VII allow for a single shock
solution and region VIII only allows for negative pressucdusions. Not all of these solutions
are of course intermediate shocks. In regions IV and V, tis¢ale solution leads to negative
pu and in regions VI and VII the 1-state and 2-state solutiod kenegativep,. Therefore the
right panel of figure 2 shows the regions where intermedihtels solutions are possible. In

region | both a - 3 and 1— 4 solution exist, while in regions Il and VI both a-2 3 and
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Figure 2: Left: Regions in which the RH conditions allow fatermediate shocks are coloured.
Right: the blue regions allow for two different intermediahocks. The yellow region allows

for a single intermediate shock.

2 — 4 intermediate shock solution exist. The difference betvwbese two regions is that region
Il also leads to a fast shock solution. Also region Ill allofes two intermediate solutions: a

1 — 3 and a 2 3 solution. Region V finally only allows for intermediate-2 3 shocks.

Applied on 1 — 3 shocks
As a simple example we derive a limiting value for the doweastn 6 for 1 — 3 shocks.

Therefore we need to fill ol = 1 in p, = 0, and solve foB. For fixedf, the solution is given

_ [ (y=1)B2+(y-3)B—2\/B(yB+y-1) 4 - 1
by 6 = \/ - DET? , for B €]0, ﬁ]. Note that the maximum valu?ﬁ is

reached fo3 = y~1. Therefore no 1+ 3 shocks are possible fér> (y— 1)_1/2 = 0.77460.
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