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1. Introduction

Historically, the equations of plasma physics have gehebslen studied using inertial refer-
ence frames, in which the equations of Newton and Maxwekllagir simplest form. However,
tokamak plasmas often rotate at velocities comparablestatinthermal speed [1], while much
higher rotation rates are encountered in some astrophydésanas [2] and inertially-confined
fusion plasmas are subject to extreme accelerations [3.00served behaviour of such sys-
temsiis likely to be better understood by considering thegqguas determining their evolution in
suitable non-inertial frames. We have formulated the Larevilasov, guiding centre and fluid
eqguations in an arbitrary accelerating frame, and apphedanalysis to a toroidally-rotating
tokamak plasma [4,5]. Brizard [6] derived the gyrokinetiuation for such a plasma using an
effective magnetic field that depends on particle velo€yr analysis provides the basis for an
alternative approach to gyrokinetic theory in non-inéftames, whereby particle motions are

referred to an effective magnetic field that is independépadicle velocity.

2. Charged particle motion in non-inertial frames
Neglecting the emission and absorption of radiation, tii@ador a particle of rest massand

chargeZein an electromagnetic field,, can be written in the covariant form
Tfin
S= —/ [mv, Vv + ZeA,vH]dT, (1)
T

whereTi,, Tin denote proper times and is the particle four-velocity. In Minkowski spacetime
VM = y(c,v) wherey = (1-V?/c?)~Y/2 andA, = (d/c, —A) whered andA are the electrostatic
and magnetic vector potentials; the action then reduces to
tfin

S= . Zdt, (2)
wheretiy, ti, denote coordinate times atd = —mc?(1—v?/c?)/2 + Ze(v- A — ®) is the La-
grangian. Requiring that the particle trajectory betwigeandts,, be such thaBhas a stationary
value (Hamilton’s principle of least action), we obtain thgler-Lagrange equations
(o) o @
wherey; is a general space coordinate ang- dx; /dt. We now letv andV denote nonrelativistic

particle velocities in the laboratory frame and a frame mgwat nonrelativistic but otherwise
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arbitrary velocityu; relative to the laboratory, so that = v — V. The manifest invariance of
AuvH indicates thaf - v — @ is invariant in the nonrelativistic limit. Sinc&, is a four-vector,

the potentials in the flow and laboratory frames are relayeithé expressions
At = A, P = Ppap— Ajap- Ut, (4)

and the frame-invariant Lagrangian can be written as

2= Imv2izev [A + 2y ] Ze|® i | _ LV2izev A —zed..  (5)
—2 Tze ! "™ 2ze| ~ 2 * *
where
A=At O, =0 g 6
* — ——Urs, * — T A~
f+Ze f f 576 (6)

Substituting Eq. (5) into Eg. (3) we obtain the equations ofion

V
where the effective fields are
E,=-0¢, - — =Ef — ———— + —=0ug, 8
ot ' Ze ot 2ze (8)
B, — OxA, = Bf + W 9)
x = x+ — Df Ze f-

HereW = [0 x us is the vorticity of the frame flow, anB¢, B are the electric and magnetic
fields in the flow frame. In the nonrelativistic lin®; = Bjop = B. There is a generalized Corio-
lis force, which does no work on the particle, a generalizstrifugal force and a pseudo-force
associated with the time-dependence of the frame flow.

The above analysis can be applied to a frame whose veloapaisally uniform but changing
in time. In the absence of electromagnetic fields Eq. (7) tednces to

C:j—\: = —%. (10)
The frame acceleration provides an effective gravity thaed a Rayleigh-Taylor instability in
inertially-confined plasmas [3]. For a frame rotating at #arm and constant rate» we have
U = w x R, whereR is position in the rotating framé&y ; = 2w and

dv w’R2 2
mE:Ze{EfjtzmeD (T)+Vx<8+z—r2w)]. (12)

If B is uniform the velocity-dependent force vanishes in a fraatating atw = —ZeB/2m=
—Q¢/2 (becaus®, = 0) and in a frame rotating ab = —Q. (becaus&/ = 0).
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3. Kinetic and guiding-centre equationsin non-inertial frames
In the absence of collisions, a particle distribution fumetin the moving framd satisfies the
Vlasov equation [4]

of

Ze of
E+V'Df+ﬁ(E*+VXB*)'a—V_O' (12)

This can be used to obtain reduced kinetic (e.g. drift-koelrokinetic) and fluid descriptions
of the plasma, respectively by averaging over particleterdand by taking velocity-space mo-
ments. In the absence of collisions the guiding centre Wglotthe moving frameV/ o satisfies

dVge
M4t

= ZeV x B, + ZeE, — 1, 0B, (13)

wherep, is magnetic moment defined in terms of gyromotion aroBpd

4. Application to rotating tokamak plasmas
Using Eg. (13) it can be shown that heavy impurity ions ins$@mically-rotating tokamak plas-
mas are centrifugally trapped on the low field side of thempkswith a bounce frequency [5]
1/2 ZmT 172 1)2
%:w(%) <1_L) e, (14
Rq Mz (Te+Ti) q

wherem is bulk ion massTe andT; are electron and bulk ion temperatures; r /Ris inverse

aspect ratiog is safety factor andnz, Ze denote impurity ion mass and charge. Moreover the
effective flux surfaces for low charge states of heavy intguoins can differ significantly from
laboratory frame flux surfaces [5], implying better confirerof impurity ions in plasmas
rotating counter to the plasma current than in those raatirthe co-current direction (Fig. 1).
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Fig. 1 Effective flux surfaces for W+ ions in (a) stationary, (b) counter-rotating and (c) co-
rotating MAST-like plasmas.

Considering momentum balance for impurity ions in a frameatating with bulk ions, one

can infer a radially-outward advection velocity [5]

y ezmil/zmzqzwfRnln/\ { qw ] -2 (15
R~ =1
6\@713/28552821]3/2 £Qz
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in the usual notation, wher@z is impurity ion cyclotron frequency. This result is conseist
with test-particle simulations of collisional impurityainsport (Fig. 2), and may have important

implications for the retention of fusion-relevant impig# such as tungsten.
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Fig. 2 Mean excursion of impurity ions withA = 184,Z = 20 (solid squares) andl=92,Z =
10 (open squares) in simulation of test-particle orbitsaarder-rotating MAST-like plasma.

5. Conclusions

The equation of motion of a charged particle can be writteédémtical form in non-relativistic
inertial and non-inertial frames, with the effective eteatagnetic fields in the latter depending
on both the Maxwell fields and the frame flaw. Generalized Coriolis and centrifugal forces
introduce additional term@n/Ze)us and—mu? /(2Ze) in the effective vector and scalar poten-
tials. In a toroidally-rotating tokamak plasma the Cosdbrce shifts the effective flux surfaces
while the centrifugal force enhances particle trapping lom lbw field side. Vlasov, gyroki-
netic, guiding centre and fluid equations can be derived as imertial frame, using effective
fields and potentials. The analysis can also be extendedhadm relativistic effects, making it
applicable to astrophysical plasmas such as pulsar magptetes [2].
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