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Introduction

One of the challenges for ITER is the development of model-based controllers for optimal

plasma performance. Particular emphasis has to be given to the possible actuation strategies for

the candidate plasma scenarios. One of the candidate plasma scenarios is the hybrid mode, in

which the Ti profile is expected to be determined by the critical gradient for the onset of turbulent

ion temperature gradient (ITG) driven transport. This critical gradient is explicitly dependent on

the safety factor q and the magnetic shear s as (∇Ti/Ti)crit ∼ (Ti/Te) · (1 + s/q). These can be

expressed as a function of the poloidal magnetic flux ψ(t,x) in the radial coordinate x. For this

reason, developing a model-based closed loop control strategy for the distribution of the poloidal

magnetic flux ψ(t,x) is expected to increase the fusion performance. As the hybrid scenario is

MHD stable (no sawteeth, and hence no NTM drive) a suitable and available distributed actuator

for ψ(t,x) in the hybrid scenarios would be electron cyclotron current drive (ECCD).

In this contribution, we present a controllability analysis of ψ(t,x) using a control-oriented

model to identify the practically reachable ψ(t,x) profiles for different jeccd deposition. In Sec-

tion 2, the control-oriented model introduced in [2] is reformulated in a state-space representa-

tion suitable for shaping the ψ(t,x) profiles using spatially distributed controllers. The distribu-

tion of the ECCD current is chosen to be the system input, and the derived ψ(t,x) profiles are

the system outputs. Also in Section 2, we introduce the concept of controllability and observ-

ability, and the associated formalisms. In Section 3, we present the results, which are discussed

and concluded in Section 4.

Control-oriented model of the magnetic flux

The poloidal magnetic flux ψ(t,x) at any point in the poloidal cross section is the total flux

through the surface S bounded by the toroidal ring passing through the point. Using cylindrical

approximation for the domain r ∈ [0,a], with x≡r/a and neglecting the diamagnetic effect, the

following flux profile evolution can be derived as suggested in [2]

∂ψ(t,x)
∂ t

=
η‖(x)
µ0a2

e

(
∂ 2ψ(t,x)

∂x2 +
1
x

∂ψ(t,x)
∂x

)
+η‖(x)R0 jni(x), (1)
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where the non-inductive current density jni(x) = jbc(x)+ jnbi(x)+ jeccd(x). The boundary con-

ditions at the plasma centre surface equals ∂ψ(t,0)
∂x = 0 and at the last closed magnetic (LCMS)

equals ∂ψ(t,1)
∂x =−R0µ0Ip

2π . Using a finite difference method, a spatially discretized model can be

written as

dψ(t,xi)
dt

=
η‖(xi)
µ0a2

e
(c1(xi)ψi+1− c2ψi + c3(xi)ψi−1) (2)

+η‖(xi)R0 ( jbc(xi)+ jnbi(xi)+ jeccd(t,xi)) ,

where η‖(xi), jbc(xi), and jnbi(xi) are considered to be space-dependent parameters and jeccd(t,xi)

is considered as a spatially distributed input. The discretization coefficients c1(xi), c2 and c3(xi)

agree with the chosen discretization scheme

c1(xi) = 1/2
2xi +δx

δx2xi
, c2 = 2

1

δx2 , c3(xi) = 1/2
2xi +δx

δx2xi
,

where the index i denotes the discretization points in space, i = 1,2, ...,N, and δx represents the

characteristic length of the cell defined between two spatial discretization points [2]. The spa-

tially discretized model (2) can now be rewritten in a state-space form, which directly suggests

reachable ψ(t,x) profiles, as

dψi(t)
dt

= Aψi(t)+Bu(t) (3)

yi(t) = Cψi(t) (4)

∫B C

A

u(t) yi(t)

+

+

Figure 1: Input/output block diagram.

where ψi(t) ∈ RN is the state vec-

tor with the system matrix A ∈ RN×N ,

u(t) =
[

ψbc jni(xi)
]T
∈R4 is the in-

put vector with the input matrix B ∈
RN×4 and yi(t) ∈ RN is the output vec-

tor with the output matrix C ∈ RN×N .

The state-space form of ψi(t) is illus-

trated in Figure 1. The exact influence

of the jeccd(xi) deposition, i.e. input

u(t), on the system dynamics A can be

quantified using the controllable subspace Xcon = im(Co(A,B))⊂RN where Co is the control-

lability matrix

Co(A,B) =
[

B AB A2B ... AN−1B
]
. (5)

The system is fully controllable if the controllability matrix has full rank, which according to

the Cayley-Hamilton theorem is determined by the first N×N columns [4]. The state dimension
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N represents the number of discretization points in the x-direction. For the large system with

N > 10, there are elements of Xcon that require a significant amount of energy in terms of inputs

in order to be reached, and there are elements that can be easily reached [5]. The unreachable

and reachable sets can be quantified using the controllability Gramian P

P = Co∞(A,B)CoT
∞(A,B) =

∞

∑
i=0

AiBBT (AT )i, (6)

where P ∈ RN×N . The elements in Xcon which require the most energy to be reached have

a significant component in the span of the eigenvectors of P corresponding to small absolute

eigenvalues [7].

Similar to the concept of input energy, there are elements that produce more energy in terms

of outputs. The observable subspaces according to the observability matrix Ob(A,C) and the

observability Gramian Q can be determined from the following expressions

Ob(A,C) =




C

CA

CA2

...

CAN−1




, Q = Ob∞(C,A)ObT
∞(C,A) =

∞

∑
i=0

(AT )iCT CAi.

The key element in determining the controllability of the ψi(t) profile is to use the Hankel

singular value decomposition (SVD) of the controllability and observability Gramians, i.e.,

σi =
√

λi(PQ) i = 1,2, ...,N. (7)

If the SVD decrease rapidly, this means that the singular values which are approximately equal

to zero σi≈ 0 correspond to the unreachable sets of ψi(t). |n such case, the system behavior is al-

most fully determined by the first few balanced states with σi > 0, and the minimal input/output

realization is determined by the highest σi [6]. It is important to note that the Hankel singular

value σi can be interpreted as the energy contribution of the ith component of the balanced state

to the input/output behavior of the system.

Results

Figure 2(a) illustrates the ψi(t) time evolution of the profiles obtained by discretizing (2)

with N = 101, whereas Figure 2(b) illustrates the first 27 largest singular values for three differ-

ent stationary state regimes with constant plasma current and the space-dependent parameters

obtained from CRONOS. The Hankel singular values for σi > σ27 decrease rapidly. The mag-

netic fluxes at locations i > 27 that correspond to σ28,σ29...,σ101 can only be reached with an

extremely high input energy.
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Figure 2: The system dynamics of (a) the ψi(t) profiles in time-space and (b) the first 27 largest singular

values σ1,σ2...,σ27 the pedestal temperature Tped = 3keV, Tped = 4keV, and Tped = 5keV, with constant

plasma current Ip = 1.2 ·107A.

Discussion and conclusions

A control-oriented model has been set-up for the ITER hybrid mode. The distributed elec-

tron cyclotron current drive jeccd is considered as the system input, and the distribution of the

magnetic flux as the system output. A controllability analysis has been carried-out for a three

realizations of the hybrid scenario in ITER with different Tped profiles. The analysis indicates

that the system behaves as a model of much lower order, which has to be considered for de-

signing a real-time controller. Different actuation strategies for control designs are required in

ITER both to maintain the plasma stability and to optimize the energy efficiency of the burning

plasma.
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