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Introduction

Tokamak has toroidal symmetry and symmetry breaking via application of non-axisymmetric

field produces dissipation of toroidal momentum by NTV [1] and produces offset toroidal

rotation[2]. Callen explained NTV physics and origin of offset toroidal rotation without im-

purity [3] and with impurity [4]. In Callen [4], same toroidal rotation for ion and impurity is

assumed, which is not always correct as shown by Kim [5]. I have revisited this subject [6] and

refined formulas of offset toroidal rotation of bulk ion and impurity are derived.

Offset Toroidal Rotation

One important property of axisymmetric system is the conservation of total toroidal momen-

tum.Total toroidal angular momentum balance equation is given as follows [7],

∑
a

ma〈naR
duaζ

dt
〉= ∑

a

〈
R2∇ζ · (∇ ·ΠΠΠa +MMMa)

〉
(1)

Noting viscous tensor ΠΠΠa is a symmetric tensor for axisymmetric plasma and ∇(R2∇ζ ) is

antisymmetric tensor [8], flux surface averaged toroidal viscous force is shown to be zero,

〈R2∇ζ ·∇ ·ΠΠΠa〉 = 0. When symmetry is broken by the application of non-axisymmetric field,

〈R2∇ζ ·∇ ·ΠΠΠa〉 becomes non zero. This drag force in the toroidal direction is called Neoclassical

Toroidal Viscous Force. The 0-th order ion force balance equation is give by,

0 = eZini(EEE +uuui×BBB)−∇Pi (2)

In the flux coordinates (ψ,θ ,ζ ), the magnetic field is expressed as BBB = ∇ψ×∇(qθ −ζ ). The

radial component of above equation can be obtained by taking inner product with tangent vector

∂xxx/∂ψ and using the identity ∂xxx/∂ψ ·∇ψ = 1, where xxx is position vector.

uuui ·∇ζ =−
[

dΦ
dψ

+
1

eZini

dPi

dψ

]
+quuui ·∇θ (3)

, where q is the safety factor. In the tokamak plasma with symmetry breaking, the electrostatic

potential Φ is determined so that non-umbipolar flux 〈ΓΓΓna ·∇V 〉 is zero. The non-ambipolar

flux 〈ΓΓΓna ·∇V 〉 is related to toroidal viscous force as 〈ΓΓΓna ·∇V 〉= (V ′(ψ)2/eaq)〈BBBt ·∇ ·ΠΠΠa〉 in

Hamada coordinates [9] (extra 〈BBBt ·∇Pa〉 term appears in other coordinates as shown by Shaing

[10]). In the collisionless regime, ion viscous force is larger than that for electron by a factor
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of (mi/me)1/2. The zero non-ambipolar flux condition is then given by 〈BBBt ·∇ ·ΠΠΠi〉 = 0 for

electron-ion plasma. Shaing [11] derived following relation for the ion in collisionless regime.

dΦ
dψ

+
1

eZini

dPi

dψ
=− λ2

eZiλ1

dTi

dψ
(4)

Here λ1 and λ2 are numerical constants in [11]. If we include impurity, we may be able to

assume impurity is in a Pfirsh-Schluter regime (namely impurity parallel viscosity is nearly

zero) while ion is deeply in collisionless regime as in next section. Then (4) is still zero non-

ambipolar flux condition. Substituting equation (4) into (3), we obtain following expression of

offset toroidal rotation,

uuui0 ·∇ζ =
λ2

eZiλ1

dTi

dψ
+quuui0 ·∇θ (5)

,where offset poloidal rotation uuui0 ·∇θ is given by the equation (15) in Appendix A. Therefore,

offset toroidal rotation uiζ 0 = Ruuui0 ·∇ζ is given as follows,

uiζ 0 = R
[

λ2

eZiλ1
− qK1F(BBB ·∇θ)

eZi〈B2〉

]
dTi

dψ
(6)

Since measurement of toroidal rotation is made using impurity toroidal rotation, actual measure-

ment of offset toroidal rotation of the impurity can be expressed as follows using the expression

in the Appendix B.

uIζ 0 = R

[
λ2

eZiλ1
− qK1F(BBB ·∇θ)

eZi〈B2〉 −
1.5K2B2

ζ

eZi〈B2〉

]
dTi

dψ
−
[

1−
B2

ζ

〈B2〉

]
R
(

1
eZInI

dPI

dψ
− 1

eZini

dPi

dψ

)

(7)

In the large aspect ratio cylindrical plasma, offset toroidal rotations of bulk ion and impurities

are given as follows,

uiζ 0 =
3.54

eZiBθ

dTi

dr
− (r/R)K1

eZiBθ

dTi

dr
(8)

uIζ 0 =
3.54−1.5K2− (r/R)K1

eZiBθ

dTi

dr
(9)

Summary

Refined formulas of offset toroidal rotation of ion and impurity due to NTV, (8) and (9), are

derived by correctly including parallel flow effect on residual poloidal flow and impurity effect.

Due to 1/Bp dependence, this offset toroidal rotation is especially important in high poloidal

beta regime, where plasma current is carried largely by the bootstrap current and relevant for

steady state operation of tokamak.
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Appendix A : Offset Poloidal Rotation

As discussed by Shaing [11], offset poloidal rotation can be obtained from standard neoclas-

sical theory of axisymmetric plasma. We can use Kim’s analysis [5] as follows. Since electron

inertia is small, electron contribution to ion and impurity momentum balance can be neglected

and flow relations of ion and impurity are given as follows [7].

µ̂µµ I ·uuuI
θ = L̂LLII ·uuuI

‖+ L̂LLIi ·uuui
‖ (10)

µ̂µµ i ·uuui
θ = L̂LLiI ·uuuI

‖+ L̂LLii ·uuui
‖ (11)

, where ûuua
θ , uuua

‖, VVV a, µ̂µµa, L̂LLab are defined as follows,

ûuua
θ =


〈B

2〉ûaθ
2〈B2〉q̂aθ

5Pa


 ,uuua

‖ =


〈Bu‖a〉

2〈Bq‖a〉
5Pa


 ,VVV a =


BV1a

BV2a


 , µ̂µµa =


µ̂a1 µ̂a2

µ̂a2 µ̂a3


 , L̂LLab =


 l̂ab

11 −l̂ab
12

−l̂ab
21 l̂ab

22




(12)

Here, continuity of 1st order flow on flux surface gives ûuua
θ = uuua

‖−VVV a. Since impurity collision-

ality is given as ν∗I = (nIZ4
I /niZ4

i )ν∗i considering fast equipartition between ion and impurity

(Ti ≈ TI), impurity may be in the Pfirsh-Schluter regime (negligible impurity viscous force:

µ̂µµ I ·uuuI
θ ≈ 0) while bulk ion is deeply collisionless regime, ν∗I � ν∗i . Therefore, impurity parallel

flow can be given as uuuI
‖ = −L̂LL

−1
II L̂LLIi · uuui

‖. Using large impurity mass approximation mI � mi,

substitution into (11) gives following ion momentum balance equation.

µ̂µµ i · ûuui
θ =−


0 0

0 γ


 ·uuui

‖ (13)

Here, γ =
√

2 + α , α = nIZ2
I /niZ2

i (Here β = O((mi/mI)2) term of [5] is neglected). This

equation indicates that ûθ -driven ion viscous force is balanced against q̂θ -driven ion viscous

force so that total parallel ion viscous force becomes zero even in the presence of impurity.

Using the relation uuui
‖ = ûuui

θ +VVV i,we obtain following expression.

ûuui
θ =


0 K1

0 − µ̂i1
µ̂i2

K1


VVV i (14)

where, K1 = γ µ̂i2/D, D = µ̂i1(µ̂i3 + γ)− µ̂2
i2. The equation (14) leads to 〈B2〉ûiθ = K1BV2i =

−K1F(dTi/dψ)/eZi. Combination with the definition of ûiθ = uuui0 ·∇θ/BBB ·∇θ leads to follow-

ing expression of residual poloidal flow.

uuui0 ·∇θ =−K1F(BBB ·∇θ)
eZi〈B2〉

dTi

dψ
(15)
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Appendix B : Toroidal Rotation difference between Impurity and Ion

Substituting equation (14) into uuui
‖ = ûuui

θ +VVV i, we obtain following ion parallel flow relation.

〈Bu‖i〉=−F
(

dΦ
dψ

+
1

eZini

dPi

dψ

)
− K1F

eZi

dTi

dψ
(16)

Using uuuI
‖ =−L̂LL

−1
II L̂LLIi ·uuui

‖, we obtain following impurity parallel flow relation.

〈Bu‖I〉=−F
(

dΦ
dψ

+
1

eZini

dPi

dψ

)
− (K1 +1.5K2)F

eZi

dTi

dψ
(17)

Here K2 = (µ̂i1µ̂i3− µ̂2
i2)/D. Therefore, difference of parallel flows between impurity and ion

is given as follows,

〈B(u‖I−u‖i)〉=−
1.5K2F

eZi

dTi

dψ
(18)

Local toroidal flow uaζ 0 = Ruuua0 ·∇ζ is related to parallel flow Bu‖a as follows [7],

uaζ 0 =
Bζ 〈Bu‖a〉
〈B2〉 −

[
1−

B2
ζ

〈B2〉

]
R
(

dΦ
dψ

+
1

eana

dPa

dψ

)
(19)

Therefore, difference in local toroidal rotation between impurity and ion is given as follows and

its value is order of 50km/s in JT-60 [12],[6].

uIζ 0−uiζ 0 =−
1.5K2FBζ

eZi〈B2〉
dTi

dψ
−
[

1−
B2

ζ

〈B2〉

]
R
(

1
eZInI

dPI

dψ
− 1

eZini

dPi

dψ

)
(20)
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