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We present a theory for large amplitude compressional dispersive Alfvénic (CDA) shocks

and solitary waves [1] that are propagating in a warm collisional plasma across a uniform mag-

netic field (̂zB0), whereẑ is the unit vector along thez-axis in a Cartesian coordinate system,

andB0 is the strength of the magnetic field. The cold and collisionless limit was studied by Ad-

lam and Allen [2] more than fifty years ago, while Nairnet al. [3] derived a Kortweg-de Vries

(KdV) equation that governs the dynamics of small amplitudenonlinear compressional dis-

persive Alfvénic (CDA) waves in a cold magnetoplasma. The restoring forces comes from the

wave magnetic pressure, whereas the ion mass provides the inertia to sustain the CDA waves.

The CDA wave electric field isE⊥ = x̂Ex + ŷEy, wherex̂ andŷ are the unit vectors along the

x andy-axes, respectively, whereas the CDA wave magnetic field is aligned along thez-axis.

In a quasi-neutral plasma withne = ni ≡ n, wherene andni are the electron and ion number

densities, respectively, thex components of the electron and ion fluid velocities are equal(viz.

uex = uix ≡ u), whereas thex andy components of the electron fluid velocities differ owing

to the electron polarization drift. The electrons carry currents only along they-direction. The

CDA waves compress the magnetic field-lines without bending them, and are accompanied by

density perturbations.

The nonlinear propagation of one-dimensional CDA waves along the x-axis in our quasi-

neutral collisional magnetoplasma is thus governed by the ion continuity equation [1]
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Figure 1: Profiles of the magnetic field and plasma density forα = 0.1, usingM = 1.3 and

β = 0 (solid curves),M = 1.1 andβ = 0 (dashed curves), andM = 1.3 andβ = 0.1 (dash-

dotted curves). After Ref. [1].

and the induction equation derived from Faraday’s law,
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wheren has been normalized byn0, B by B0, u by CA, t by 1/ωLH andx by λe = c/ωpe. Here

D/Dt = (∂/∂ t)+u∂/∂x, β = 4πn0kBT/B2
0, T = Te+Ti, α = νei/ωLH , B is the sum of the am-

bient and wave magnetic fields,νei the electron-ion collision frequency,Cs = [kBT/mi ]1/2 the

effective ion-acoustic speed,CA = B0/
√

4πn0mi the Alfvén speed,ωLH =
√

ωceωci the lower-

hybrid resonance frequency,ωce = eB0/mec (ωci = eB0/mic) the electron (ion) gyrofrequency,

ωpe = (4πn0e2/me)1/2 the electron plasma frequency,me (mi) the electron (ion) mass,e the

magnitude of the electron charge,kB Boltzmann’s constant,Te (Ti) the electron (ion) tempera-

ture, andn0 the equilibrium plasma number density. In Eq. (2), we have adopted the adiabatic

pressure laws [viz.p j = p j0(n/n0)3, wherep j0 = n0kBTj and wherej equalse for electrons and

i for ions] for the electron and ion fluids.

Assuming thatn, u andB are functions ofξ = x−Mt, whereM = U/CA is the Mach number

andU the constant propagation speed, we have from Eqs. (1)–(3), respectively,u= M(1−1/n),
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and
∂

∂ξ

(
1
n

∂B
∂ξ

)
− α

M
∂B
∂ξ
−B+n = 0, (5)
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Figure 2: Profiles of the magnetic field and plasma density forα = 1.5, usingM = 1.3 and

β = 0 (solid curves),M = 1.1 andβ = 0 (dashed curves), andM = 1.3 andβ = 0.1 (dash-

dotted curves). After Ref. [1].

where we used the boundary conditionsu = 0, n = 1, B = 1 and∂B/∂ξ = 0 atξ →+∞. In the

unperturbed state atξ →−∞, we have∂/∂ξ = ∂ 2/∂ξ 2 = 0 in Eq. (5) so thatn = B. Inserting

the latter into Eq. (4) we obtain

M2
(
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B
−1

)
+

1
2
(B2−1)+β (B3−1) = 0, (6)

which exhibits the existent diagram forM versusB for given values ofβ . Eliminating a common

factor(B−1), Eq. (6) can be expressed as

M2

B
− 1

2
(B+1)−β (B2 +B+1) = 0, (7)

which gives the amplitude ofB at ξ = −∞. In the cold limitβ = 0, we have from (7)M2 =

B(B+1)/2, which reveals that the nonlinear structures have super Alfvénic speed forB > 1.

Numerical solutions of Eqs. (4) and (5) for different valuesof M, β andα are displayed in

Figs. 1–3. In Fig. 1, we usedα = 0.1, which leads to oscillatory shock structures. The ampli-

tudes of the structures increase with increasing values ofM, while they decrease significantly

even for small values ofβ . On the other hand, for a larger value ofα = 1.5, we see in Fig. 2

that the shock structures are more or less monotonic, while their amplitudes depend onM and

β in the same manner as in Fig. 1. For vanishingα, the shock structure will dissolve into a train

of solitary CDA waves, as seen in Fig. 3. The amplitudes of the solitary waves increase with

increasingM, while they decrease with increasing values ofβ .
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Figure 3: Profiles of the magnetic field and plasma density forα = 0, usingM = 1.3 andβ = 0

(solid curves),M = 1.1 andβ = 0 (dashed curves), andM = 1.3 andβ = 0.1 (dash-dotted

curves). After Ref. [1].

In summary, we have derived the governing nonlinear equations for large amplitude nonlin-

ear CDA waves in a warm collisional magnetoplasma. A numerical analysis of the nonlinear

equations in a stationary moving frame reveals that the nonlinear CDA waves appear in the

form of either monotonic or oscillatory shock waves, or as a train of solitary waves. We stress

that the CDA shock wave pressure might be responsible for the cross-field proton accelera-

tion/energization over length scales that are either comparable or far exceed the electron skin

depth in a magnetized electron-ion plasma.
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