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Motivation

The computation of magnetohydrodynamic (MHD) equilibrium of toroidal plasmas plays a

central role in tokamak fusion studies, not only as a fundamental tool for the computation of

transport and stability calculations but also for the development of advanced tokamak control

systems. Under perfect axisymmetric conditions, the vector calculus formulation of the Grad-

Shafranov equation is the one most commonly used, [1, 2]:

−∇ ·
(

1
µr

∇ψ

)
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dψ
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µ0r
f

d f
dψ

:= jt . (1)

This equation can be written as a system of three equations:∇ψ =~u

∇ ·~h = j̃t
and K~u =~h with K :=

 1
µ0r 0

0 1
µ0r

 . (2)

The two equations on the left define differential (topological) relations and the third one es-

tablishes a constitutive relation between ~u (the gradient of ψ) and the flux vector~h. The direct

discretization of this formulation using standard techniques presents two challenges:

• Conservation of current at the discrete level (
∫

Ω
∇ ·~hdΩ =

∫
Ω

jtdΩ).

• Extension to curved meshes.

The first one is an important requirement for coupling with transport equations, the second

enables optimal high order approximation in curved domains.

Differential Geometry Formulation

In this work, we propose to use the differential geometric formulation of this equation:

d?K d? ψ̃
(2) = j̃(2)t . (3)

This corresponds to two topological relations (left) and two constitutive relations (right):dψ(0) = u(1)

dh̃(1) = j̃(2)t

and

?ψ̃(2) = ψ(0)

K?u(1) = h̃(1)
, (4)
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where each physical quantity is either an inner, Λk, or outer, Λ̃k, oriented a k-form:

ψ
(0) ∈ Λ

0, u(1) ∈ Λ
1, h̃(1) ∈ Λ̃

1, j̃(2)t , ψ̃(2) ∈ Λ̃
2.

Here d is the exterior derivative and ? is the Hodge-? operator that transforms k-forms into

(k+1)-forms and changes their orientation from inner to outer and vice-versa:

? : Λ
k→ Λ̃

k+1 or ? : Λ̃
k→ Λ

k+1.

With these three operators, (d,?,K), it is possible to construct the following double de Rham

complex

Λ0(Ω)
d−→ Λ1(Ω)

d−→ Λ2(Ω)

? l K? ↓↑ ?K−1 ? l

Λ̃2(Ω)
d←− Λ̃1(Ω)

d←− Λ̃0(Ω)

(5)

These spaces of inner and outer oriented k-forms are intimately related to the fact that k-forms

naturally integrate over k-dimensional domains, Ωk. For example, h(1) is a flux quantity and

therefore it naturally integrates across lines (since these equations are defined in a two dimen-

sional space).

This formal classification of physical quantities into inner and outer oriented k-forms, al-

though seeming a mere mathematical artefact, has deep impacts in the formulation of the dis-

cretization of the equations. This association is important because a physical system generally

preserves integral quantities and these quantities are topological in the sense that they do not de-

pend on a particular coordinate system or metric employed. Integration of differential forms is

independent of any metric notions in space; no Riemann metric, dot products or k-dimensional

volume elements are required. Integrals are of paramount importance in mimetic discretizations,

because we cannot exactly represent differential forms and the operations on and between dif-

ferential forms in a finite dimensional setting. On the other hand we can represent integrals of

differential forms and the integral relations between them exactly.

Using the de Rham complex, (5), the inner product between inner oriented k-forms (α(k),β (k) ∈

Λk) becomes(
α
(i),β (i)

)
:=
∫

Ω

α
(i)∧?β

(i), i = {0,2} and
(

α
(1),β (1)

)
:=
∫

Ω

α
(1)∧K?β

(1) ,

and for outer oriented k-forms (α̃(k), β̃ (k) ∈ Λ̃k) yields(
α̃
(i), β̃ (i)

)
:=
∫

Ω

α̃
(i)∧?β̃

(i), i = {0,2} and
(

α̃
(1), β̃ (1)

)
:=
∫

Ω

α̃
(1)∧?K−1

β̃
(1) .
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This formulation particularly contrasts with the one obtained with traditional vector calculus

for the inner product between 1-forms (vectors in the vector calculus formulation):(
~a,~b
)

:=
∫

Ω

~a ·~bdΩ .

It is possible to note that neither K nor K−1 appear in the vector calculus inner product. This

results in a different finite element formulation, as will be seen below.

Mimetic Discretization

The mimetic spectral element method used in this work follows directly from the framework

introduced in [4]. The key ideas of this method are: (i) special basis functions capable of rep-

resenting the integral character of k-forms and (ii) a weak formulation that takes into account

the relations established in the de Rham complex, (5). These basis functions, ε̃
(k)
i , satisfy the

following properties:

ε̃
(0)
i (τ̃(0), j) = δi j,

∫
τ̃(1), j

ε̃
(1)
i = δi j and

∫
τ̃(2), j

ε̃
(2)
i = δi j,

where τ̃(0), j, τ̃(1), j and τ̃(2), j are the points, edges and surfaces of the spectral element mesh.

The weak problem of (4), then reduces to finding the approximate solution, ψ̃h ∈ Λ̃2, such

that: 
(
K?d? ψ̃

(2)
h , ε̃

(1)
j

)
=
(

h̃(1)h , ε̃
(1)
j

)
∀ε̃(1)j(

dh̃(1)h , ε̃
(2)
j

)
=
(

j̃(2)t , ε̃
(2)
j

)
∀ε̃(2)j .

Using integration by parts we can rewrite this as:
∫

∂Ω
ψ̃

(2)
h ∧ ε̃

(1)
j −

(
ψ̃

(2)
h ,dε̃

(1)
j

)
=
(

h̃(1)h , ε̃
(1)
j

)
∀ε̃(1)j(

dh̃(1)h , ε̃
(2)
j

)
=
(

j̃(2)t , ε̃
(2)
j

)
∀ε̃(2)j .

In doing this, the discrete analog of the flux operator (K ? d?) is the negative adjoint of the

discrete divergence (d).

Numerical Results

This formulation was applied to a Soloviev solution of the Grad-Shafranov equation, [3],

corresponding to:

ψ(r,z) =
f0R2

0a2

2

[
1−
( z

a

)2
−
(

r−R0

a
+

(r−R0)
2

2aR0

)2
]
, p(ψ) =

f0

µ0
ψ+ p0, f

d f
dψ

= f0R2
0,

with a = 0.5, f0 = 1.0 and R0 = 1.1. To assess this method on meshes of different curvature,

the following space transformation that maps the space (ξ ,η) ∈ [−1,1]× [−1,1] into a curved

42nd EPS Conference on Plasma Physics P1.185



domain (x,y) ∈ [xa,xb]× [ya,yb] is used:x(ξ ,η) = (ξ + csin(πξ )sin(πη)+1) xb−xa
2

y(ξ ,η) = (η + csin(πξ )sin(πη)+1) yb−ya
2

.

An example of these results, together with the error, are presented in Figure 1. With this formu-

lation, optimal h- and p-convergence are obtained regardless of the curvature of the mesh, as

can be observed in Figure 2. This shows the potential of this method for the accurate solution

of the Grad-Shafranov equation on curved meshes.
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Figure 1: Example of a four by four element mesh with c = 0.2 (left), approximate Soloviev

solution, ψh, using basis functions with polynomial degree p = 8 (center) and associated nu-

merical error, log |ψh−ψ|, with respect to the analytical solution ψ (right).
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Figure 2: Error convergence plots for h- and p-refinement, left and right respectively. Optimal

algebraic convergence of order (p+ 1) (left) and exponential convergence (right) on curved

meshes.

References
[1] H. Grad and H. Rubin, Proceedings of the Second United Nations Conference on the Peaceful Uses of Atomic

Energy 31 (1958)
[2] V.D. Shafranov, Soviet Journal of Experimental and Theoretical Physics 6, 545 (1958)

[3] Howell, E. C., Sovinec, C. R., Computer Physics Communications, 185, 1415-1421 (2014)
[4] A. Palha, P.P. Rebelo, R. Hiemstra, J. Kreeft, M. Gerritsma, Journal of Computational Physics 257 Part B

(2014)

42nd EPS Conference on Plasma Physics P1.185


