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1. Introduction. A wide range of physical problems needs describing the transport in the
medium for a finite velocity of carriers. The processes of nonlocal transport which description
significantly differs from the conventional diffusion approach are of special interest (see, e.g.,
the survey [1]). The energy transfer by photons in spectral lines of atoms and ions in plasmas
and gases in astrophysical objects, nonlocal heat transport by electromagnetic waves in
plasmas, migration of predators belong to such processes. These phenomena have
superdiffusive character and have to be described by an integral equation for perturbation
density, irreducible to diffusion differential equation.

The phenomenon of superdiffusion is closely related to the concept of Lévy flights [2, 3].
The known example of such phenomenon in plasmas is the radiative transfer in the
Biberman-Holstein model [4-6]. This model considers resonance photon scattering by an atom
or ion with complete redistribution over frequency in the act of absorption and re-emission.
Here, rare distant flights of photons («jumps»), which correspond to emission/absorption in the
«wings» of spectral line, dominate over contribution of frequent close displacements which
produce diffusive (Brownian) motion and correspond to emission/absorption in the core of
spectral line. The distant flights caused by the long-tailed (e.g. power-law) wings of integral
operator (of the step-length probability distribution function (PDF)) in the transport equation
are called Lévy flights [7].

Analysis of the Green's function of non-stationary Biberman-Holstein equation for
radiative transfer in plasmas and gases has shown [8] that there is an approximate automodel
solution based on three scaling laws: for the front propagation from the instant point source and
for asymptotic solutions far behind and far ahead of the propagation front.

This work is devoted to obtaining the general solution of the Biberman-Holstein-type
equation with account of finite propagation velocity of perturbation in plasmas, on the way to
check the accuracy of the approximate automodel solution similar to the result [8] which is
valid for infinite velocity of carriers.

2. General solution for Green's function. Let's consider a one-dimensional (1D) problem

of perturbation transport in the medium by Lévy flights with constant finite velocity «c» (such
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processes are named «Lévy walksy, see, e.g., [1]). For example, such a task corresponds to

excitation transfer by photons in a rarefied extended medium, e.g., in astrophysical plasmas.
The equation for the Green's function of one-dimensional analogue of the

Biberman-Holstein equation in a homogeneous medium, with account of finiteness of photon's

velocity, has the form (derivation of this equation is given in [9]):
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where 7 is the lifetime of the excited atomic state with respect to spontaneous radiative decay; o
is the rate of (collisional) quenching of excitation; the last term is an instant point source of

excited atoms, different from the absorption of the resonant photons (e.g., collisional
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6(y) is the Heaviside function; 6(Y) is the Dirac function.
General solution of Eq. (1) in dimensionless form (z is measured in 7, x is measured in the

inverse units of absorption coefficient in the center of spectrum line, x,) has the form [9]:
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where parameter R, = Crk, is the ratio of the mean perturbation lifetime (for radiative transfer,
this is the lifetime of the excited atomic or ionic state) to the mean time of flight (for carriers
with a finite velocity). For R, —o , Eq. (1) transforms into 1D equation of the
Biberman-Holstein type (see Eq. (1) in [8]), and the general solution Eq. (2) coincides with Eq.
(18) in [8].

3. Asymptotics. To build the automodel solution similar to that in [8], one has to know the
asymptotic expressions far ahead and far behind the propagation front. Expression for

asymptotics far ahead the front was derived in [9]:
f (x —> o0, t—|X|/R, —0) = (t—|x|/R, )W (X6t —|x|/R.). 3)
Here we consider the case ¥ =0.5 that corresponds to the case of resonance radiative

transfer for Lorentz-type spectral line of atoms and ions in plasmas. For example, it can be

realized in the collisional (dynamic) Stark broadening of spectral line by charged particles (see,
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e.g., in [6] the asymptotics of the Holstein function which describes the probability of free path

at long distances). For R/t >0 and Rt — oo (large lifetime of atom/ion excited state is

considered) we obtain from Eq. (2) the analytical expression for asymptotics far behind the

front, which specifies the numeric coefficient in Eq. (19) in [10], valid for R, >>1:
1 2|» 1 0.0930
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Analysis of Eq. (2) has shown that building the approximate automodel solution with a

finite velocity requires the asymptotics behind the front in a wider range, namely at Rt — o0

and not small R./#, where the following expression is obtained (I =/7/2):
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Numerical results for asymptotic expressions far behind the front, (4) and (5), for t =100 and
R. =1 appear to differ by a factor ~2: f, =9.23-10 and f, =18.1-10".

4. Exact numerical results. Numerical calculation of the general solution (2) and its
comparison with the asymptotics (3)-(5) have shown that spatial distribution of perturbation
density in the medium in the case of comparability of the time of flight (for carriers with finite

velocity) and the perturbation lifetime can have a non-monotonic profile. The results for

t =100 for R, =1 are shown in Fig. 1. The profile for larger velocities, namely R, =100, for

the same time moment, t =100, in comparison with the approximate self-similar solution for

infinite velocity (cf. Eq. (9) in [8]), is presented in Fig. 2.
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Figure 1. Results of numerical calculation of the exact solution (2) (blue curve), the asymptotics far ahead the front
(3) (red curve) and far behind the front (4) (green curve) for =100 and R =1.
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fix, t) at t =100, R,= 100, y=0.5
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the exact solution (2) for =100 and R~=100 (blue
0.00002 - curve) with the approximate automodel solution of
the problem for infinite velocity of carriers

0.00001 1 (photons) for =100, see Eq. (9) in [8] (cyan curve).
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5. Conclusion. Allowance for a finite velocity of carriers significantly influences the
space-time form of the Green's function for the nonlocal perturbation transport in a
homogeneous medium in the regime of the «Lévy walks» which generalize the well-known
«Lévy flights» to the case of a finite velocity of carriers. The derived general solution for the
Green's function and the results for its asymptotics open the possibility to obtain an
approximate automodel solution to generalize the approach [8] to the case of a finite velocity of

carriers.

Acknowledgements. The work is partly supported by the Russian Foundation for Basic Research (project
RFBR 15-07-07850-a). This work has been carried out using computing resources of the federal collective usage
center Complex for Simulation and Data Processing for Mega-science Facilities at NRC “Kurchatov Institute”

(ministry subvention under agreement REMEF162117X0016), http://ckp.nrcki.ru/.

References

[1] V. Zaburdaev, S. Denisov, J. Klafter, Reviews of Modern Physics, vol. 87, 2015.

[2] Mandelbrot B.B., The Fractal Geometry of Nature (New York: Freeman), 1982.

[3] Lévy, P., 1937, Theorie De L’addition Des Variables Aleatoires (Gauthier-Villars, Paris).

[4] Biberman L.M., Vorob’ev V.S. and Yakubov I.T., — Kinetics of Nonequilibrium Low Temperature Plasmas
(New York: Consultants Bureau), 1987.

[5] T. Holstein — Phys. Rev. 72, 1212 (1947).

[6] Abramov V A, Kogan V I and Lisitsa V S 1987 Reviews of Plasma Physics ed M A Leontovich and B B
Kadomtsev vol 12 (New York: Consultants Bureau) p 151.

[7] Shlesinger M, Zaslavsky G M and Frisch U. (ed) 1995 Lévy Flights and Related Topics in Physics (New York:
Springer)

[8] Kukushkin A.B. and Sdvizhenskii P.A., 2016 J. Phys. A: Math. Theor. 49 255002.

[9] A A Kulichenko, A B Kukushkin. IRAMP, 2017, vol. 8(1), pp. 5-14,
http://www.auburn.edu/cosam/departments/physics/iramp/8 1/Kulichenko Kukushkin.pdf.

[10] V.Yu. Zaburdaev, K.V. Chukbar, JETP, Vol. 94, No 2, p. 252, February 2002.




