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1. Introduction 

A tokamak responds strongly to non-axisymmetric, resonant magnetic perturbations 

(hereafter will be referred to as RMP for brevity) through a narrow layer across a rational 

surface as seen in magnetic reconnection and braking. RMP is a promising scheme to ensure 

stable and high-performance operations in tokamaks [1, 2, 3, 4] such as to correct intrinsic error 

fields, mitigate and suppress ELMs in H-mode plasmas and runaway electrons during tokamak 

disruptions. Therefore, in-depth understanding of resonant layer responses is of great 

importance in exploring the fidelity of the fusion reactors. 

The perturbed responses can be characterized by the single parameter Δ, which quantifies 

the discontinuity in the magnetic field normal to the resonant surface and represents the 

shielding currents across the resonant layer. Inherent complexity in the responses necessitates 

adopting the two-fluid drift-MHD model in the complete form. For instance, including electron 

viscosity in the generalized Ohm’s law alters the power-law exponent of electron density in the 

penetration threshold from 1/4 [5] to 5/8 [6] or 1/4 [5] to 11/16 [7], depending on the regime 

transitions (SCi → SCiPe, HRi → EV, respectively). Similarly, it was recently unveiled that 

the parallel flow response gives rise to the ion shielding current and shifts the zero-crossing 

condition of Δ  for E×   rotation. In this work, we explore the complex responses by 

employing the code, Slab-Layer (SLAYER) [8] which incorporates various physics in the two-

fluid drift-MHD regimes. The intrinsic numerical stiffness is successfully addressed using the 

higher-order Riccati transformation method adapted to the layer problem [9]. 

2. Layer Physics 

The four-field model, deduced from the reduction and normalization of the two-fluid drift-

MHD equations, read 

𝑖(𝑄 − 𝑄𝑒)𝜓̃ = 𝑖𝑋(𝜙̃ − 𝑍̃) +
𝑑2𝜓̃

𝑑𝑋2
− (1 + 𝜏)𝑃𝑒 (

𝑑2𝑉̃𝑧

𝑑𝑋2
+

𝐷2

𝑐𝛽
2

𝑑4𝜓̃

𝑑𝑋4
) ⋯ (1), 

𝑖𝑄𝑍̃ = 𝑖𝑄𝑒𝜙̃ + 𝑖𝐷2𝑋
𝑑2𝜓̃

𝑑𝑋2
+ 𝑖𝑐𝛽

2𝑋𝑉̃𝑧 + (𝑐𝛽
2 + (1 − 𝑐𝛽

2)𝐾)
𝑑2𝑍̃

𝑑𝑋2
+ 𝑃𝑒𝐷2 (

𝑑4𝜙̃

𝑑𝑋4
−

𝑑4𝑍̃

𝑑𝑋4
) ⋯ (2),  
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𝑖(𝑄 − 𝑄𝑖)
𝑑2𝜙̃

𝑑𝑋2
= 𝑖𝑋

𝑑2𝜓̃

𝑑𝑋2
+ 𝑃 (

𝑑4𝜙̃

𝑑𝑋4
+ 𝜏

𝑑4𝑍̃

𝑑𝑋4
) + 𝑃𝑒 (

𝑑4𝜙̃

𝑑𝑋4
−

𝑑4𝑍̃

𝑑𝑋4
) ⋯ (3), 

𝑖𝑄𝑉̃𝑧 = −𝑖𝑄𝑒𝜓̃ + 𝑖𝑋𝑍̃ + 𝑃
𝑑2𝑉̃𝑧

𝑑𝑋2
+ 𝑃𝑒 (

𝑑2𝑉̃𝑧

𝑑𝑋2
+

𝐷2

𝑐𝛽
2

𝑑4𝜓̃

𝑑𝑋4
) ⋯ (4). 

Constraining 𝜓̃ to have a tearing parity (even) results in odd parities in 𝜙̃ and 𝑍̃ and an even 

parity in 𝑉̃𝑧 . The four fields have the asymptotic behavior such that 𝜓̃ → Ψ [1 +
Δ̂

2
|𝑋| +

𝑂 (
1

𝑋
)] , 𝜙̃ →

Q

X
𝜓̃, 𝑍̃ →

Qe

X
𝜓̃ and 𝑉̃𝑧 → 𝑂 (

1

𝑋3). The amount of the reconnected flux in the slab 

geometry is 

Ψ(𝑡) =
Δ𝑠𝑤Ξ(𝑡)

Δ − Δss
, 

where Δ𝑠𝑠 = −
2𝑘

tanh 𝑘
,  Δ𝑠𝑤 =

2𝑘

sinh 𝑘
  and Ξ  is the amplitude of external perturbation at the 

edge. According to the quasi-linear force balance, the exact solution of 𝐸 × 𝐵 rotation at the 

layer is 

𝑉(𝑥) = 𝑉0 −
𝑘

2𝜇𝑖
|Ψ|2ℑ(Δ)(1 − |𝑥|). 

Equations 1-4 can be solved by the two-layer matching method [5, 6] in phase space. For the 

verification purpose, some of analytic asymptotes are listed in Table 1. 

 Δ̂  Δ̂ 

VRi 
6

2
3𝜋 Γ (

5
6)

Γ (
1
6)

[𝑖(𝑄 − 𝑄𝑖)]
1
6[𝑖(𝑄 − 𝑄𝑒)]

5
6𝑃

1
6 VRii 

6
2
3𝜋 Γ (

5
6)

Γ (
1
6)

[𝑖(𝑄 − 𝑄𝑒)]𝑃
1
6  

SCi 𝜋 
[𝑖(𝑄 − 𝑄𝑖)]

1
2[𝑖(𝑄 − 𝑄𝑒)

𝐷√1 + 𝜏
 HRi 

2𝜋 Γ (
3
4)

Γ (
1
4)

𝑐
𝛽

1
2[𝑖(𝑄 − 𝑄𝑒)]

(𝜏 + 1)
1
4𝐷

1
2

  

SCiPe 
1.48𝑖

7
4𝜋𝑐

𝛽

1
2(𝑄 − 𝑄𝑒)(𝑄 − 𝑄𝑖)

3
4

𝐷2(𝜏 + 1)𝑃𝑒

1
4

 EV 
3𝜋 Γ (

5
8)

8
3
4Γ (

11
8 )

𝑐
𝛽

5
4[𝑖(𝑄 − 𝑄𝑒)]

(𝜏 + 1)
5
8𝐷

5
4𝑃𝑒

1
4

 

Table 1. List of 𝚫̂. The VRi, VRii, SCi and HRi regimes were found in Ref. [5], SCiPe in Ref. [6] 

and EV in Ref. [7], respectively. 

3. Variable transformation 

We found the variable transformation adequate for minimizing the number of singularity 

due to inverse-viscosity (
1

𝑃
 and 

1

𝑃𝑒
). According to this, the 𝑌 vector for ordinary differential 
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system is 

𝑌 = [𝑦1
𝑇 , 𝑦2

𝑇]𝑇 , 𝑦1 = [𝜓̃, 𝜓̃̈, 𝜙̇̃, 𝑍̇̃, 𝜉′, 𝜂̃′, 𝑉̃𝑧]
𝑇

 and 𝑦2 = [𝜓̇̃, 𝑃𝑒
𝐷2

𝑐𝛽
2 𝜓⃛̃, 𝜙̃, 𝑍̃, 𝜉, 𝜂̃, 𝑃𝑉̃𝑧

̇ ]
𝑇

⋯ (5) 

where 𝜉 = 𝜙̈̃ − 𝑍̈̃, 𝜉′ = 𝑃𝑒 (𝜙⃛̃ − 𝑍⃛̃) , 𝜂̃ = 𝜙̈̃ + 𝜏𝑍̈̃  and 𝜂̃′ = 𝑃 (𝜙⃛̃ + 𝜏𝑍⃛̃).  The four field 

equations (Equations 1-4) are written with the transformed variable as 

𝑑

𝑑𝑋
(𝑃

𝑑

𝑑𝑋
𝑉̃𝑧) = 𝑖

𝑄 − 𝑄𝑖

1 + 𝜏
𝜓̃ −

1

1 + 𝜏

𝑑2𝜓̃

𝑑𝑋2
− 𝑖

𝑋

1 + 𝜏
𝜙̃ − 𝑖

𝜏𝑋

1 + 𝜏
𝑍̃ + 𝑖𝑄𝑉̃𝑧, ⋯ (6) 

𝑑

𝑑𝑋
(𝑃𝑒

𝐷2

𝑐𝛽
2

𝑑3𝜓̃

𝑑𝑋3
) = −𝑖

𝑄 − 𝑄𝑒 + 𝛼(𝑄 − 𝑄𝑖)

1 + 𝜏
𝜓̃ +

1 + 𝛼

1 + 𝜏

𝑑2𝜓

𝑑𝑋2
 

                                        +𝑖
(1 + 𝛼)𝑋

1 + 𝜏
𝜙̃ + 𝑖

(𝜏𝛼 − 1)𝑋

1 + 𝜏
𝑍̃ − 𝑖𝛼𝑄𝑉̃𝑧, ⋯ (7) 

𝑑

𝑑𝑋
𝜉′ = −𝑖𝑋

𝑑2𝜓̃

𝑑𝑋2
− 𝑖

𝑄𝑒

𝐷2
𝜙̃ + 𝑖

𝑄

𝐷2
𝑍̃ − 𝑖

𝑐𝛽
2

𝐷2
𝑋𝑉̃𝑧 +

𝑐𝛽
2 + (1 − 𝑐𝛽

2)𝐾

( 1 + 𝜏)𝐷2
(𝜉 − 𝜂̃), ⋯ (8) 

𝑑

𝑑𝑋
𝜂̃′ = 𝑖

𝑄𝑒

𝐷2
𝜙̃ − 𝑖

𝑄

𝐷2
𝑍̃ + 𝑖

𝑐𝛽
2

𝐷2
𝑋𝑉̃𝑧 +

𝑖𝜏(𝑄 − 𝑄𝑖)𝐷2 − (𝑐𝛽
2 + (1 − 𝑐𝛽

2)𝐾)

(1 + 𝜏)𝐷2
𝜉 

+
𝑖(𝑄 − 𝑄𝑖)𝐷2 + (𝑐𝛽

2 + (1 − 𝑐𝛽
2)𝐾)

(1 + 𝜏)𝐷2
𝜂̃ ⋯ (9). 

The matrix 𝐴 for the ODE system is obtained according to selection of the 𝑌 vector given 

by equation (5) such that 𝑌′ = 𝐴𝑌. 

4. Resonant layer response 

 

Figure 1. 𝑸 = 𝟎. 𝟎𝟖 and 𝑸 = 𝟏𝟎−𝟑 in (a) and (b), respectively. For both, 𝑸𝒆 =
𝑸

𝟐
, 𝑸𝒊 = −

𝑸

𝟐
, 𝑫 =

𝟎. 𝟐, 𝒄𝜷 = 𝟎. 𝟏 and 
𝑷𝒆

𝑷
= 𝟎. 𝟎𝟏𝟔𝟓.  

Equations (6-9) are solved by SLAYER which applies the higher-order Riccati 

transformation method adapted to the layer problem [9]. The primary improvement from Ref. 

[9] is to include the electron viscosity. The implementation is verified in Figure 1 by showing 

agreement with the analytic asymptotes listed in Table 1 during transitions toward the high 

viscosity regimes (SCiPe and EV). The ion screening term is neglected in this verification since 
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it’s not accounted in the listed solutions. 

    The zero-crossing condition of Δ for 𝐸 × 𝐵 rotation, which we denote 𝑄𝑛𝑎𝑡, had been 

predicted as 𝑄𝑒 without the ion screening [5]. Yet, in Ref. [9], it was reported that, 𝑄𝑛𝑎𝑡 is 

shifted toward the ion diamagnetic flow direction, representing the shifted natural frequency. 

Indeed, Figure 2. demonstrates this shift (𝑄𝑒 − 𝑄𝑛𝑎𝑡) is universal in wide parametric (𝑐𝛽 , 𝐷) 

domain if the plasma flow is slow enough. This shift changes the profile of magnetic braking 

force as a function of 𝑄 , and contribute to enhancing the field penetration threshold 

particularly when 𝑄 > 𝑄0 and quasi-linear formulation of force-balance is valid [9].  

 

Figure 2. The contour of 𝑸𝒏𝒂𝒕. 𝑸𝒆 = 𝟎. 𝟏𝟓, 𝑸𝒊 = −𝟎. 𝟏𝟓 and 𝑷 = 𝟏 are used. All values of 𝑸𝒏𝒂𝒕 

are evidently shifted from the prediction without the ion screening, i.e. 𝑸𝒆. 
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